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Develop methods for policy analysis under model uncertainty.
Methods have broad potential applications.

Consider optimal policy when policymakers don’t observe true
economic structure, must learn from observations.

Classic problem of learning and control: actions have
informational component. Gives motive to experiment.

Unlike most previous literature we consider forward-looking
models.
o Issues:

o How does uncertainty affect policy?
o How does learning affect losses?
o How does experimentation motive affect policy and losses?




Some Related Literature

e Aoki (1967), Chow (1973): Multiplicative uncertainty in LQ model
(only backward-looking/control case)

o Control theory: Costa-Fragoso-Marques (2005), others
o Recursive saddlepoint method: Marcet-Marimon (1998)

o Blake-Zampolli (2005), Zampolli (2005): similar observable modes
case, less general

o Wieland, Beck-Wieland (2002): Optimal experimentation
e Cogley-Colacito-Sargent (2005): Adaptive policy as approximation
to Bayesian
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Model

o Markov jump-linear-quadratic framework:

X1 = A Xo + Aggixe + Brgaie + Crpgig(1)
EHi1m1 = Ao Xy + Aog x4 Bo iy + Co ey, (2)

o X; predetermined, z; forward-looking, 7; CB instruments (controls)

o & i.i.d. shocks, N(0,I)

o Matrices can take n; different values in period ¢, corresponding to
n; modes j; = 1,2,...,n;.

e Modes j; follow Markov chain w/transition matrix P = [Py

o Ay nonsingular, equation (2) determines z;

o E; conditional expectation (information to be specified)
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Beliefs and Loss

Central bank (and aggregate private sector) observe X, i;, but do
not observe j; or .

@ py; : perceived probabilities of modes in period ¢

o Prediction equation: p ), = P'py
o CB intertemporal loss function:
[o¢]
B> 6Ly, (3)
=0
o Period loss: ,
1 Xt Xt
L= 5| @ Wi | (4)
it it
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General and Tractable Way to Model Uncertainty

Large variety of uncertainty configurations. Approximate most (all?)
relevant kinds of model uncertainty

o Regime switching models

e i.i.d. and serially correlated random model coefficients (generalized
Brainard-type uncertainty)

o Different structural models

o Different variables, different number of leads and lags
o Backward- or forward-looking models

o Particular variable
o Private-sector expectations

e Ambiguity aversion, robust control (P € P)

o Different forms of CB judgment (for instance, perceived
uncertainty)

o And many more ...
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Three Different Cases

In each we assume commitment under timeless perspective.

@ Optimal policy with no learning (INL) (Svensson-Williams 05)

o Naive updating equation
Ptrijt+1 = P/pt|t-

@ Adaptive optimal policy (AOP)

o Policy as in NL, Bayesian updating of p;; ;41 each period
o No experimentation

@ Bayesian optimal policy (BOP)

o Optimal policy taking Bayesian updating into account
o Optimal experimentation
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Handling expectations

o Replace equation (2) by

Et‘Hjt+1xt+1 = zt? (5)
0= Ao, Xi + Aoojmy — 2 + Baj, iy + Cojey, (6)

2 ng-vector of additional forward-looking variables

e Use (6) and solve z; as a function of Xj, z;, i, ji, and &4
o = B(Xy, 20, 0, 1, 60) = A§21]-t(zt — A215, Xy — Boj iy — Cojer). (7)

For given j;, this function is linear in Xy, 2, %, and &;.
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Recursive Saddlepoint Method

o Follow Marcet-Marimon (1998). Convert to saddlepoint/ min-max
problem.

o Dual period loss function

_ 1
Li=sLi— vz +Z,_ 1=

5‘H'jt‘%(Xt7 2t it7jta Et)~

o X; = (X/,=,_,) (nx + ny)-vector of extended predetermined
variables

o 4 ng-vector of Lagrange multipliers, =; 1 = v
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1. Optimal policy with no learning (NL)

o Interpretation: Policmakers forget past X;_1,... in period ¢ when
choosing ;.

o Allows for persistence of modes. But means beliefs don’t satisfy
law of iterated expectations. Requires slightly more complicated
Bellman equation.

o Law of motion for (perceived) state s; = (X7, p;| ,)’ linear in X,
dual preferences quadratic in X;. py|; exogenous.

o Solution linear in X, for given Pilt
i = Fi(pyo) X,

o Value function quadratic in X; for given o

Né V)"(X(pt|t)5(t + w(pt|t)'
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Bellman equation

V(s) =B V(s 1) = Zj Djt)t V(s0.9)

= max min Et{z(jft, Zt, Uty Vts Jt> €¢)
Yt (2t41t)

+ 8V 1956, 2ty By Vi Gt €15 e 1> €241 ) Gt 1]}

= max min Dijt|t /{ E()N(t,zt,it,%»j,gt)
Yt (zt,zt) J

* 5Zk Py Vig(st, 21, ity v1s 35 €00 Ky €011), K] 3
@(5t)@(5t+1)d€td€t+1.
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Transition equation and solution

Transition equation
Xiy1 = Avyj, Xo + Avgj B( Xt 21,0, 1, €4) + Buj e + Cjy i €641,

Et ="

/
Piyijt+1 = P Pyt

Solution
2t #(st) 3 Fa(pye) |
=i | =Us)= | i(se) | = F(pt|t)Xt = Fi(pt‘t) X,
Yt v(st) F’y(pt|t)
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2. Adaptive optimal policy (AOP)

Policy as under NL (disregarding Bayesian updating), i, = i(s;),
2t = 2(8t), v = v(st)
Transition equation for p;, ;1 from Bayes rule:

Pig1fi+1 = Q(8t; 2t 0ty Jt, €45 Jt415 €141)-

Nonlinear, interacts with s;. True AOP value function not
quadratic in X;.

Evaluation of loss more complex numerically, but recursive
implementation simple.
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Bayesian Updating Makes Beliefs Random

o Ex post,
Perifer1 = Q(St, 2ty ity Jt, €15 Jt41, €041)
is random variable, depends on j;+1 and €441.
o Note that
Etpt+1|t+1 = Pty1|t = P,pt|t'
o Bayesian updating gives a mean-preserving spread of pyyqjgqq-

o If V(s;) concave in py, lower loss under AOP, and it’s beneficial
to learn.
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3. Bayesian optimal policy (BOP)

Dual Bellman equation as in AOP, but now with belief updating
equation incorporated in optimization.

Because of the nonlinearity of Bayesian updating, solution no
longer linear in X; for given py;.

Dual value function ¥ (s;), primal value function V(s;), no longer
quadratic in X; for given py;

Optimal experimentation incorporated.

More complex numerically.
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Numerical results so far

o Miranda-Fackler collocation methods, CompEcon toolbox
o Only a few parameterizations considered so far

o Under NL, V(s;) appears concave in py

o AOP significantly lower loss than NL

o BOP modestly lower loss than AOP

Ethical and other issues with BOP relative to AOP: Perhaps not
much of a practical problem?

o AOP much easier to compute than BOP

o More simulations and empirically relevant cases needed
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Backward-Looking Example

@ One predetermined variable, no forward-looking variables, two
modes
o Transition equation

Xiy1 = Xe + Briy + €01
o Instrument more effective in mode 1

Bi=—-15, By=-05

o Highly persistent modes

0.98 0.02
P= [ 0.02 0.98 ]

o Period loss function
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Losses from NL, AOP, and BOP

la. Loss: No learning (NL) b. Loss: Bayesian optimal policy (BOP)
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Policy for N and BOP

h. Policy: No learning (NL) b. Policy: Bayesian optimal policy (BOP)
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Probability density of X1 and updating of p; 41|41
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Probability density of p; 1411
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Loss from adaptive optimal policy (AOP)

a. Loss: Adaptive optimal policy (AOP) b. Loss: Adaptive optimal policy (AOP)

and Will



Forward-Looking Example

@ One predetermined variable, one forward-looking variables, two
modes
o Transition equation

Xiy1 = Brir+ei
Eirgpr = Xi+
Instrument more effective in mode 1

Bi=-15, By=-05

Highly persistent modes

0.98 0.02
F= [ 0.02 0.98 ]

o Period loss function

1
L; = 535,? +0.1i2, §=0.95
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Conclusion

o MJLQ framework flexible, powerful, yet tractable way of handling
model uncertainty and non-certainty equivalence.

o Large variety of uncertainty configurations, also able to
incorporate a large variety of CB judgment.

o Extension to forward-looking variables via recursive saddlepoint
method.

e Straightforward to incorporate unobservable modes w/o learning.
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Conclusion

o Adaptive policy as easy to implement as no learning, harder to
evaluate.

o Bayesian optimal policy more complex, particularly in
forward-looking cases.

o Considerable gain from no learning to adaptive optimal policy

o Possibly small gain from adaptive optimal policy to Bayesian
optimal policy (optimal experimentation)
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