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1 Introduction

• Optimal monetary policy under uncertainty
• Additive uncertainty, linear-quadratic (LQ) model:
Certainty equivalence (CE), “mean forecast targeting”

• Broader forms of uncertainty:
No CE, policy design complicated, “distribution forecast targeting”

• Onatski-Williams: Specify structure of model uncertainty!
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• This paper:
Markov jump-linear-quadratic (MJLQ) framework
Relatively general form of model uncertainty, still tractable
Model shifts between alternative “modes”

– Simple i.i.d. random model deviations

– Serially correlated model deviations

– Estimable regime-switching models

–More complex structural uncertainty:
Very different models (backward- or forward-looking, number of leads and lags, etc.)

– Both observable and unobservable modes

– Time-varying central-bank (CB) judgment, for instance about the state of model uncer-
tainty

– Subjective and/or objective (transition) probability distributions over modes

– (Endogenous transition probabilities)

– Etc., etc.

–Work in progress: Learning, Bayesian updating, “Bayesian and Adaptive Optimal Pol-
icy Under Model Uncertainty” (BOP)
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• Related literature
– Aoki 67, Chow 73: Multiplicative uncertainty in LQ model w/o forward-looking vari-
ables

– Costa-Fragoso-Marques 05 (CFM), others: MJLQ framework w/o forward-looking vari-
ables, observable modes, optimal policy

–Marcet-Marimon 98: Recursive saddlepoint (RSP) method

– Zampolli 06, Blake-Zampolli 06: similar, forward-looking variables, observable modes,
less general
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• Characteristics
– General treatment of forward-looking variables w/ RSP method

– Unobservable modes

– Arbitrary time-invariant policy functions

• Algorithms for solutions
• Compute and plot internally consistent distribution forecasts (fan charts) of target vari-
ables and instruments

• Extend CE and “mean forecast targeting” to non-CE and “distribution forecast targeting.”
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Outline
2. MJLQ model, extend to forward-looking model (recursive saddlepoint model, Marcet-
Marimon), solution algorithm
3. Interpretation of model uncertainty
4. Two examples, empirical regime-switching models of US economy

4.1 Backward-looking (Rudebusch-Svensson)
4.2 Forward-looking (Lindé)
4.3 Uncertainty about forward- or backward-looking model

5. Arbitrary time-invariant policy functions (instrument rules/paths, targeting rules)
6. Conclusions
Appendix. Technical details
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2 The model
Economy w/ private sector and CB
Relatively general model uncertainty
Incorporate different CB info and judgment (consistent w/ Svensson, “Monetary policy w/
judgment”)
2.1 Baseline model

Xt+1 = A11jt+1Xt +A12jt+1xt +B1jt+1it + Cjt+1εt+1 (1)

EtHjt+1xt+1 = A21jtXt +A22jtxt +B2jtit, (2)

Xt predetermined variables (one element unity: constants, intercepts)
xt forward-looking variables
it CB instruments (control variables)
εt i.i.d. shock, N(0, I)
A22jt nonsingular, equation (2) determines xt
(No restriction excluding εt from (2): Add predetermined variables)
Et conditional expectation (information to be specified)
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Matrices A11jt, A12jt, B1jt, Cjt, Hjt, A21jt, A22jt, B2jt random, can take nj different values
in period t, corresponding to nj modes jt ∈ Nj ≡ {1, 2, ..., nj}
Modes jt follow Markov process w/ constant transition probabilities

Pjk ≡ Pr{jt+1 = k | jt = j} (j, k ∈ Nj). (3)

εt and modes jt independently distributed
(covariance of additive shocks CjtC

0
jt
depends on jt; element of Xt unity, mode-dependent

intercepts).
P transition matrix [Pjk]
pjt ≡ Pr{jt = j} (j ∈ Nj) probability of mode jt in period t
pt ≡ (p1t, ..., pnjt)0 probability distribution of modes in period t

pt+1 = P 0pt.
p̄ stationary distribution

p̄ = P 0p̄.
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CB intertemporal loss function,

Et

∞X
τ=0

δτL(Xt+τ , xt+τ , it+τ , jt+τ), (4)

L(Xt, xt, it, jt) period loss, 0 < δ < 1 discount factor,

L(Xt, xt, it, jt) ≡ Y 0tΛjtYt,

Yt target variables

Yt ≡ Djt

⎡⎣Xt

xt
it

⎤⎦
L(Xt, xt, it, jt) ≡

⎡⎣Xt

xt
it

⎤⎦0Wjt

⎡⎣Xt

xt
it

⎤⎦ (5)

Λjt andWjt ≡ D0
jt
ΛjtDjt symmetric, positive semidefinite
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2.2 Informational assumptions: Observable and unobservable modes

• Observable modes
– CB info beginning of period t:
Xt, jt, εt,Xt−1, jt−1, εt−1, xt−1, it−1, ... ; matrices, distributions
– Control-theory literature (Costa-Fragoso-Marques)

∗MJLQ systems w/o forward-looking variables, recursive
∗ But, w/ forward-looking variables, nonrecursive
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• Unobservable modes, no learning.
– Beliefs in period t: pt = (p1t, ..., pnjt)

0

pt+τ = (P
0)τpt, τ ≥ 0. (6)

– Subjective beliefs inconsistent with true data-generating process. Two alternatives: In-
dependent draws and forgetting the past
– Independent draws (previous version of DFT)

∗ Future modes jt+τ independently drawn from distribution pt+τ . For pt+τ = p̄, i.i.d.
draws from p̄.

∗ No (perceived) gain from updating beliefs from observations of economy: Not updat-
ing beliefs is perceived optimal.

∗ Information in beginning of period t: Xt, pt,Ξt−1.
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– Forgetting the past (new version of DFT)

∗ In period t, central bank and private sector forget past observations, such as Xt−1,
xt−1, it−1,... . Without past observations, cannot use current observations to update
beliefs.

∗ Forgetting past observations implies that beliefs do not satisfy law of iterated expec-
tations: Requires more complicated Bellman equation.

∗ Information in beginning of period t: Xt, pt, Ξt−1.
•Minimizing (4) in period t subject to (1), (2), (5), and (6); subject to Xt, Ξt−1, and jt
(observable modes) or Xt, Ξt−1, and pt (unobservable modes); under commitment in
timeless perspective. Add term to intertemporal loss function (Ξt−1 Lagrange multiplier
from period t− 1),

Ξt−1
1

δ
EtHjtxt.
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2.3 Reformulation according to the recursive saddlepoint method
Replace equation (2) by two equivalent equations,

EtHjt+1xt+1 = zt, (7)

0 = A21jtXt +A22jtxt − zt +B2jtit, (8)

zt nx-vector of additional forward-looking variables. Practical way of keeping track of the
expectations term on the left side of (2).
Solve xt as a function ofXt, zt, it, and jt,

xt = x̃(Xt, zt, it, jt) ≡ A−122jt(−A21jtXt + zt −B2jtit). (9)

For given jt, xt is linear inXt, zt, and it.
Dual period loss function

EtL̃(X̃t, zt, it, γt, jt) ≡
X
j

pjtL̃(X̃t, zt, it, γt, j),

X̃t ≡ (X 0
t,Ξ

0
t−1)

0 is nX̃-vector (nX̃ ≡ nX + nx) of extended predetermined variables (in-
cluding nx-vector Ξt−1),
γt is an nx-vector of Lagrange multipliers,

L̃(X̃t, zt, it, γt, jt) ≡ L[Xt, x̃(Xt, zt, it, jt), it, jt]− γ0tzt + Ξ0t−1
1

δ
Hjtx̃(Xt, zt, it, jt). (10)
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We have

L̃(X̃t, zt, it, γt, jt) ≡
∙
X̃t

ı̃t

¸0
W̃jt

∙
X̃t

ı̃t

¸
, (11)

ı̃t ≡ (z0t, x0t, i0t)0, W̃jt is (nX̃ + nı̃)× (nX̃ + nı̃) matrix (nı̃ ≡ nx + nx + ni).
Unobservable modes: Given subjective probability distribution over modes, pt = (p1t, ..., pnjt)

0.
Observable modes: pjt = 1 for j = jt, pjt = 0 for j 6= jt if jt ∈ Nj is the true mode.
Dual intertemporal loss function

Et

∞X
τ=0

δτL̃(X̃t, zt, it, γt, jt). (12)

Dual optimization problem: Find a saddlepoint such that (12) is maximized over {γt+τ}τ≥0
and minimizes over {zt+τ , it+τ}τ≥0 subject to the relevant transition equation,

max
{γt+τ}τ≥0

min
{xt+τ ,it+τ}τ≥0

Et

∞X
τ=0

δτL̃t+τ . (13)
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2.3.1 Observable modes
(X̃t, jt) state of the economy in period t
Bellman equation for the recursive saddlepoint problem

Ṽ (X̃t, jt) = max
γt
min
(zt,it)

[L̃(X̃t, zt, it, γt, jt) + EtδṼ (X̃t+1, jt+1)]

≡ max
γt
min
(zt,it)

∙
L̃(X̃t, zt, it, γt, jt) + δ

X
jt+1

Pjtjt+1

Z
Ṽ (X̃t+1, jt+1)ϕ(εt+1)dεt+1

¸
,

(14)

ϕ(·) generic probability density function.
Transition equation forXt+1,

Xt+1 = A11jt+1Xt +A12jt+1x̃(Xt, zt, it, jt) +B1jt+1it + Cjt+1εt+1, (15)

New dual transition equation for Ξt,

Ξt = γt. (16)

15

Solution for zt, it, and γt depends on (X̃t, jt).
Solution linear in X̃t for given jt ∈ Nj,

ı̃t ≡
⎡⎣ zt
it
γt

⎤⎦ = ı̃(X̃t, jt) ≡
⎡⎣ z(X̃t, jt)

i(X̃t, jt)

γ(X̃t, jt)

⎤⎦ = FjtX̃t ≡
⎡⎣ Fzjt

Fijt

Fγjt

⎤⎦ X̃t, (17)

xt = x(X̃t, jt) ≡ x̃(Xt, z(X̃t, jt), i(X̃t, jt), jt) ≡ FxjtX̃t. (18)

Also solution to the primal optimization problem.
Equilibrium transition equation

X̃t+1 ≡
∙
Xt+1

Ξt

¸
=

∙
A11jt+1Xt +A12jt+1FxjtX̃t +B1jt+1FijtX̃t

FγjtX̃t

¸
+

∙
C1jt+1
0

¸
εt+1

≡ Mjtjt+1X̃t + C̃jt+1εt+1, (19)

Mjtjt+1 nX̃ × nX̃ matrix, C̃jt+1 nX̃ × nX matrix.
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Dual value function Ṽ (X̃t, jt) quadratic in X̃t for given jt,

Ṽ (X̃t, jt) ≡ X̃ 0
tṼX̃X̃jt

X̃t + wjt, jt ∈ Nj, (20)

ṼX̃X̃jt
nX̃ × nX̃ matrix, wjt scalar.

Details and a convenient algorithm for computing ṼX̃X̃j and Fj for j ∈ Nj are provided in
appendix of DFT.
Use (19) and solution (17) and (18) to determine conditional distributions of future variables:
means, medians, and percentiles (fan charts) (simplest with simulations).
Primal value function

V (X̃t, jt) ≡ X̃ 0
tVX̃X̃jt

X̃t + wjt ≡ V (X̃t, jt)− 1
δ
Ξ0t−1HjtFxjtX̃t (21)

≡ X̃ 0
tṼX̃X̃jX̃t + wjt −

1

δ
Ξ0t−1HjtFxjtX̃t, (22)

(scalar wjt same for the dual and primal value functions).

VX̃X̃j = ṼX̃X̃j −
∙

0 1
2δF

0
xXjH

0
j

1
2δHjFxXj

1
2δ(HjFxΞj + F 0xΞjH

0
j)

¸
(j ∈ Nj). (23)

Mean square stability (CFM) is an appropriate concept of stability for the observable-modes
case. Appendix of DFT provides some details.
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2.3.2 Unobservable modes
st ≡ (X̃ 0

t, p
0
t)
0 perceived state of the economy (“perceived” in the sense that it includes the

perceived probability distribution, pt, but not the true mode jt)
Somewhat unusual Bellman equation for value function Ṽ (st),

Ṽ (st) = EtV̂ (st, jt) ≡
X

j
pjtV̂ (st, j)

= max
γt
min
(zt,it)

Et{L̃(X̃t, zt, it, γt, jt) + δV̂ [g(st, zt, it, γt, jt, jt+1, εt+1), jt+1]}

≡ max
γt
min
(zt,it)

X
j
pjt

Z ∙
L̃(X̃t, zt, it, γt, j)

+ δ
P

k PjkV̂ [g(st, zt, it, γt, j, k, εt+1), k]

¸
ϕ(εt+1)dεt+1,

(24)

(st, jt) true state of the economy (“true” in the sense that it includes the true mode of the
economy).
Transition equation for st+1,

st+1 ≡
⎡⎣Xt+1

Ξt

pt+1

⎤⎦ = g(st, zt, it, γt, jt, jt+1, εt+1)

≡
⎡⎣ A11jt+1Xt +A12jt+1x̃(Xt, zt, it, jt) +B1jt+1it + C1jt+1εt+1

γt
P 0pt

⎤⎦ . (25)
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The solution of the dual optimization problem linear in X̃t for given st,

ı̃t ≡
⎡⎣ zt
it
γt

⎤⎦ = ı̃(st) ≡
⎡⎣ z(st)
i(st)
γ(st)

⎤⎦ = F (pt)X̃t ≡
⎡⎣ Fz(pt)
Fi(pt)
Fγ(pt)

⎤⎦ X̃t, (26)

xt = x(st, jt) ≡ x̃(Xt, z(st), i(st), jt) ≡ Fx(pt, jt)X̃t (27)

(forward-looking variables depend also on jt).
Also the solution to the primal optimization problem.
Equilibrium transition equation

st+1 = ḡ(st, jt, jt+1, εt+1) ≡ g[st, z(st), i(st), γ(st), jt, jt+1, εt+1].

Use with (26) and (27) to construct conditional distributions of future states of the economy
(simplest way is by simulation).
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(Unconditional) dual value function Ṽ (st) is quadratic in X̃t for given pt,

Ṽ (st) ≡ X̃ 0
tṼX̃X̃(pt)X̃t + w(pt).

Conditional dual value function V̂ (st, jt)

V̂ (st, j) ≡
Z ∙

L̃(X̃t, z(st), i(st), γ(st), j)

+ δ
P

k PjkV̂ [ḡ(st, j, εt, k, εt+1), k]

¸
ϕ(εt+1)dεt+1 (j ∈ Nj).

Also quadratic in X̃t for given pt and jt,

V̂ (st, jt) ≡ X̃ 0
tV̂X̃X̃(pt, jt)X̃t + ŵ(pt, jt).

ṼX̃X̃(pt) ≡
X

j
pjtV̂X̃X̃(pt, j), w(pt) ≡

X
j
pjtŵ(pt, j).
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Value function for the primal problem,

V (st) ≡ Ṽ (st)− Ξ0t−1
1

δ

X
j

pjtHjx(st, j), (28)

V (st) ≡ X̃ 0
tVX̃X̃(pt)X̃t + w(pt).

Value function conditional on X̃t and pt, taking into account that jt is not observable. Sec-
ond term on the right side of (28) contains the expectation of Hjtxt conditional on that
information. Matrix VX̃X̃(pt) is related to matrix ṼX̃X̃(pt) in a similar way as (23).

V (st) ≡
X

j
pjtV̌ (st, j),

Conditional value function

V̌ (st, j) =

Z ½
L[Xt, x(st, j), i(st), j]
+ δ

P
k PjkV̌ [ḡ(st, j, k, εt+1), k]

¾
ϕ(εt+1)dεt+1 (j ∈ Nj). (29)

Algorithms for determining the solution and value functions are presented in appendix of
DFT. Computing functions F (pt), VX̃X̃(pt), and F (pt) for all feasible values of pt requires
standard function-approximation methods. Computing functions for particular value of pt is
straightforward.
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3 Interpretation of model uncertainty in our framework
Large variety of uncertainty configurations, approximating many different kinds of model
uncertainty:

• Observable and unobservable modes
• i.i.d. and serially correlated random model coefficients (generalized Brainard-type uncer-
tainty)

• Different structural models
– Different variables, different number of leads and lags

– Particular variable predetermined in one model and forward-looking in another

– Backward- and forward-looking models

– Backward- and forward-looking private-sector expectations

• Persistence of inflation, output, additive shocks.
• Variance of shocks, persistence of variance
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• Different CB judgments about model coefficients and model uncertainty
– nj different model modes (different coefficients/coefficient variances/
coefficient persistence/shock variance (via Cj)) (jt = 1, ..., nj)

–m different CB judgment modes (different CB information about model modes, includ-
ing persistence) (kt = 1, ...,m)

– Transition matrix for model modes, depend on the judgment mode, P̃ (kt)

– Transition matrix for the judgment modes independent of the model modes, P 0

– Composite model-judgment mode (jt, kt), transition probability from model-judgment
mode (h, k)t to (j, l)t+1, P̃ (k)hjP 0kl.

• Incorporate CB judgment also about future additive deviations as in “MP w/ Judgment”
• Etc., etc.: Any relevant situation for a policymaker that cannot be approximated in our
framework?

• Aside from dimensional and computational limitations, not terribly tight.
– Examples to be shown have 9 state variables, 3 modes, solves in seconds. Examples
with 10 states and 50 modes solves in minutes

– Speed not crucial for policy optimization, more relevant for policy analysis and estima-
tion
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4 Examples
Empirical regime-switching models of US economy

– Backward-looking model (Rudebusch-Svensson, RS)

– Forward-looking model (Lindé)

4.1 An estimated backward-looking model (RS)
Serially correlated parameter variation, 3 modes, Bayesian Gibbs sampling methods (Kim
and Nelson), comparing w/ constant-coefficient (CC) version of RS
(priors: α3j > 0, β3j < 0)

πt+1 =
2X

τ=0

ατjπt−τ + (1−
2X

τ=0

ατjπt−3) + α3jyt + cπεπ,t+1,

yt+1 = β1jyt + β2jyt−1 + β3j (ı̄t − π̄t) + cyεy,t+1, (30)

j ∈ {1, 2, 3},
ı̄t ≡

P3
τ=0 it−τ/4, π̄t ≡

P3
τ=0 πt−τ/4,

επt, εyt i.i.d. N(0, 1)
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Table 4.1: Estimates of the constant-parameter and three-mode Rudebusch-Svensson
model.

Parameter Constant Mode 1 Mode 2 Mode 3
α0 0.5697 0.3744 0.6598 0.5437
α1 0.0752 0.1336 0.0329 0.0678
α2 0.1276 0.1524 0.1362 0.0999
α3 0.1451 0.1099 0.1652 0.1029
β1 1.1834 1.2417 1.1551 1.2162
β2 −0.2651 −0.3408 −0.2398 −0.2717
β3 −0.0510 −0.0115 −0.0393 −0.0206
cπ 1.0070 0.7276 1.4008 0.6936
cy 0.7540 0.4748 1.0777 0.7445

Variation across modes: Volatility, slopes of Phillips and AD curve
Transition matrix and stationary distribution

P =

⎡⎣ 0.9887 0.0056 0.00570.0145 0.9711 0.0143
0.0199 0.0201 0.9601

⎤⎦ , p̄ =

⎡⎣ 0.59670.2340
0.1694

⎤⎦ .
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Figure 4.1: Estimated probabilities of being in the different modes. Solid: smoothed
(full-sample) inference. Dashed: filtered (one-sided) inference.
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Optimal policy RS model

• Period loss function
Lt = π2t + λy2t + ν(it − it−1)2 (31)

λ = 1, ν = 0.2, and δ = 1

• Optimal policy function,
it = FijXt (j = 1, 2, 3),

it = Fi(pt)Xt,

Xt ≡ (πt, πt−1, πt−2, πt−3, yt, yt−1, it−1, it−2, it−3)0
Table 4.2: Optimal policy functions, RS model

Mode πt πt−1 πt−2 πt−3 yt yt−1 it−1 it−2 it−3
Constant 1.1053 0.5037 0.4160 0.2665 2.1640 −0.5772 0.5120 −0.0549 −0.0278
Mode 1 0.8721 0.5456 0.4308 0.2976 1.6220 −0.5838 0.7821 −0.0106 −0.0051
Mode 2 1.3269 0.4851 0.4333 0.2440 2.4116 −0.5764 0.5625 −0.0456 −0.0232
Mode 3 1.0219 0.4750 0.4037 0.2982 2.2605 −0.6209 0.6786 −0.0240 −0.0119

Unobservable 0.9907 0.5289 0.4321 0.2920 1.9642 −0.6163 0.7001 −0.0209 −0.0102
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Figure 4.3: Unconditional impulse responses, RS model, unobservable modes, optimal
policy. Shaded: 30/60/90% probability bands.
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•Mean responses somewhat similar to CC
• Asymmetric distributions, difference mean-median.
• Initial mean instrument-rate response to y shock less aggressive than CC (Brainard!)
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4.2 An estimated forward-looking model (Lindé)

• Persistent parameter variation, 3 modes, Bayesian methods
πt = ωfjEtπt+1 + (1− ωfj)πt−1 + γjyt + cπεπt, (32)

yt = βfjEtyt+1 + (1− βfj)
£
βyjyt−1 + (1− βyj)yt−2

¤
−βrj (it −Etπt+1) + cyεyt,

it =
¡
1− ρ1j − ρ2j

¢ ¡
γπjπt + γyjyt

¢
+ ρ1jit−1 + ρ2jit−2 + ciεit.

j ∈ {1, 2, 3}, επt, εyt, εit i.i.d. N(0, 1)
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Table 4.3: Estimates of the constant-parameter and three-mode Lindé model.

Parameter Constant Mode 1 Mode 2 Mode 3
ωf 0.5164 0.3000 0.1496 0.5595
γ 0.0034 0.0643 0.0321 0.0205
βf 0.4484 0.4595 0.0757 0.4139
βr 0.0073 0.0067 0.0278 0.0902
βy 1.1902 1.2943 1.2191 0.9310
ρ1 0.8216 0.7051 1.3038 0.9994
ρ2 0.0560 0.1349 −0.3748 −0.1744
γπ 1.5538 1.6441 1.2982 0.7725
γy 0.9777 0.6967 0.6431 1.0784
cπ 0.5920 1.0378 0.6943 0.8076
cy 0.3753 0.4763 0.5147 0.5740
ci 1.0412 2.1133 0.3712 0.7073

Substantial variation across modes: Volatility, slope
Transition matrix and stationary distribution

P =

⎡⎣ 0.9411 0.0294 0.02940.0053 0.9893 0.0054
0.0271 0.0262 0.9468

⎤⎦ , p̄ =

⎡⎣ 0.13220.7214
0.1464

⎤⎦ .
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Figure 4.4: Estimated probabilities of being in the different modes.
Solid: Smoothed (full-sample) inference. Dashed: filtered (one-sided) inference.
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• Optimal policy function,
it = FijX̃t,

it = Fi(pt)X̃t,

X̃t ≡ (πt−1, yt−1, yt−2, επt, εyt,Ξπ,t−1,Ξy,t−1)0,
Table 4.3: Optimal policy functions, Lindé model.

Mode πt−1 yt−1 yt−2 it−1 επt εyt Ξπ,t−1 Ξy,t−1
Constant 0.1738 0.9394 −0.2112 0.7623 0.2128 0.7559 0.0011 0.0252
Mode 1 0.9582 0.9171 −0.3461 0.7446 1.4205 1.0362 0.0026 0.0215
Mode 2 1.9812 2.6539 −0.5794 0.6252 1.6176 1.4724 0.0004 0.0039
Mode 3 0.3556 0.8943 0.0639 0.4947 0.6520 0.9071 0.0066 0.0758

Unobservable 1.7877 2.2912 −0.4708 0.5968 1.6633 1.4033 0.0010 0.0142
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Figure 4.6: Unconditional impulse responses, Lindé model, unobservable modes, optimal
policy. Shading 30/60/90% probability bands.
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8 Conclusions

•MJLQ framework flexible, powerful, yet tractable way of handling model uncertainty and
non-CE

• Large variety of uncertainty configurations, also able to incorporate a large variety of CB
judgment

• Extension to forward-looking variables via recursive saddlepoint method
• Straightforward to incorporate unobservable modes w/o learning. Work in progress on
learning

• Provide advice on optimal policy for a large variety of uncertainty and judgment configu-
rations

• Natural applications: put more structure on modes
– Different structural models, or parameter uncertainty within models (as in LOWW
Macroannual)

– Uncertainty about driving processes: productivity slowdowns, volatility moderation,
different fiscal policies

• Learning, updating of pt: See BOP.
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