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1 Introduction
e Optimal monetary policy under uncertainty

e Additive uncertainty, linear-quadratic (LQ) model:
Certainty equivalence (CE), “mean forecast targeting”

e Broader forms of uncertainty:
No CE, policy design complicated, “distribution forecast targeting”

e Onatski-Williams: Specify structure of model uncertainty!




e This paper:
Markov jump-linear-quadratic (MJLQ) framework
Relatively general form of model uncertainty, still tractable
Model shifts between alternative “modes”

— Simple i.i.d. random model deviations
— Serially correlated model deviations
— Estimable regime-switching models

— More complex structural uncertainty:
Very different models (backward- or forward-looking, number of leads and lags, etc.)

— Both observable and unobservable modes

— Time-varying central-bank (CB) judgment, for instance about the state of model uncer-
tainty

— Subjective and/or objective (transition) probability distributions over modes

— (Endogenous transition probabilities)

— Etc., etc.

— Work in progress: Learning, Bayesian updating, “Bayesian and Adaptive Optimal Pol-
icy Under Model Uncertainty” (BOP)

e Related literature

— Aoki 67, Chow 73: Multiplicative uncertainty in LQ model w/o forward-looking vari-
ables

— Costa-Fragoso-Marques 05 (CFM), others: MJLQ framework w/o forward-looking vari-
ables, observable modes, optimal policy

— Marcet-Marimon 98: Recursive saddlepoint (RSP) method

— Zampolli 06, Blake-Zampolli 06: similar, forward-looking variables, observable modes,
less general




e Characteristics
— General treatment of forward-looking variables w/ RSP method
— Unobservable modes
— Arbitrary time-invariant policy functions

e Algorithms for solutions

e Compute and plot internally consistent distribution forecasts (fan charts) of target vari-
ables and instruments

e Extend CE and “mean forecast targeting” to non-CE and “distribution forecast targeting.”

Outline
2. MJLQ model, extend to forward-looking model (recursive saddlepoint model, Marcet-
Marimon), solution algorithm
3. Interpretation of model uncertainty
4. Two examples, empirical regime-switching models of US economy
4.1 Backward-looking (Rudebusch-Svensson)
4.2 Forward-looking (Lind¢)
4.3 Uncertainty about forward- or backward-looking model
5. Arbitrary time-invariant policy functions (instrument rules/paths, targeting rules)
6. Conclusions
Appendix. Technical details




2 The model

Economy w/ private sector and CB

Relatively general model uncertainty

Incorporate different CB info and judgment (consistent w/ Svensson, ‘“Monetary policy w/
judgment”)

2.1 Baseline model

Xiy1 = A, Xi + Avgj @ + By, i+ C, 6041 (D
EHj,, w1 = Ao, Xy + Aogjze + Bajiy, ()
X; predetermined variables (one element unity: constants, intercepts)
x; forward-looking variables
1; CB instruments (control variables)
gt i.i.d. shock, N(0,7)
Ay, nonsingular, equation (2) determines x;
(No restriction excluding ¢; from (2): Add predetermined variables)
E; conditional expectation (information to be specified)

Matrices A1, Ai2j,, Bij,, Cj,, Hj,, Aa1j,, Aj,, Boj, random, can take n; different values
in period ¢, corresponding to n; modes j, € N; = {1,2,...,n;}
Modes j; follow Markov process w/ constant transition probabilities

P =Pr{jin=k|j=3j} (k€ N;). 3)
¢; and modes j; independently distributed
(covariance of additive shocks Cthj’«t depends on j;; element of X; unity, mode-dependent
intercepts).
P transition matrix [Pj]
pjt = Pr{ji = j} (j € N;) probability of mode j; in period ¢
Pt = (D1t - Pnyt)’ probability distribution of modes in period ¢

pre1 = P'py.
p stationary distribution




CB intertemporal loss function,
0

Ey Z 5TL(Xt+7'a Tiiry b jt+7')7
7=0
L(X}, x4, 4, ji) period loss, 0 < § < 1 discount factor,

L(Xy, iy, 41, ) = Y/AY,

Y, target variables

X

KEDJf Ty

it
X, X,
L(Xt, 00,00 = | o | Wi, | @
(23 (43

Aj, and W), = D’ A, Dj, symmetric, positive semidefinite

(4)

&)

2.2 Informational assumptions: Observable and unobservable modes

e Observable modes
— CB info beginning of period ¢:

Xty Jts €ty Xt 15 Jt—15 Et—15 Tt_1, b1, .. ; matrices, distributions

— Control-theory literature (Costa-Fragoso-Marques)
* MJLQ systems w/o forward-looking variables, recursive
* But, w/ forward-looking variables, nonrecursive
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e Unobservable modes, no learning.
— Beliefs in period t: p; = (p1s, ..., Puyt)’
Ptr = (P/)Tpta T 2> 0. (6)

— Subjective beliefs inconsistent with true data-generating process. Two alternatives: In-
dependent draws and forgetting the past

— Independent draws (previous version of DFT)

x Future modes j;. . independently drawn from distribution p;,. For p;., = p, i.i.d.
draws from p.

* No (perceived) gain from updating beliefs from observations of economy: Not updat-
ing beliefs is perceived optimal.

* Information in beginning of period ¢: X}, pr, =¢_1.

— Forgetting the past (new version of DFT)

x In period ¢, central bank and private sector forget past observations, such as X; 1,

Ti—1, tt—1,... . Without past observations, cannot use current observations to update
beliefs.

* Forgetting past observations implies that beliefs do not satisfy law of iterated expec-
tations: Requires more complicated Bellman equation.
* Information in beginning of period ¢: X}, py, =_1.

e Minimizing (4) in period ¢ subject to (1), (2), (5), and (6); subject to X;, =;_1, and j;
(observable modes) or X;, =; i, and p; (unobservable modes); under commitment in
timeless perspective. Add term to intertemporal loss function (=;_; Lagrange multiplier
from period ¢ — 1),

Et—llEtHjtxt-

J
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2.3 Reformulation according to the recursive saddlepoint method
Replace equation (2) by two equivalent equations,

EtHjt+liUt+1 = Zt, (7
0 = Ao, Xy + Ajxr — 2 + Bajiy, ®)
2 ny-vector of additional forward-looking variables. Practical way of keeping track of the
expectations term on the left side of (2).
Solve z; as a function of X, 2, 7;, and j;,
wy = (X, 20,01, i) = Ay, (— A2 X + 2 — Baji). (€))
For given j;, x; is linear in X}, z;, and 4;.
Dual period loss function
EeL(Xy, 21, 1, Vs Jt) = ijtz(j(t, 260,V J),s
J
X, = (X,Z )isn g-vector (ng = nyx + n,) of extended predetermined variables (in-
cluding n,-vector =;_1),

v, 1s an n,-vector of Lagrange multipliers,

. . . N . PR o
L(Xtaztvlfu’)/t?,]t) = L[th(Xt; Zhltvjt)?lh]f] - IYQZTL + :‘:f_lgHjtx(Xt,Zt,Zt;]t)- (10)

We have

o N

Z;(Xt,zt,l't,’}/t,jt) = |:{(f1 WJ l{(f‘| 5 (11)
& (57

i = (2,2, 1), W, is (ng +ni) X (ng + ng) matrix (n; = n, +n, +ny).

Unobservable modes: Given subjective probability distribution over modes, p; = (pit, ..., Pnyt)"-

Observable modes: pj; = 1 for j = j;, pjr = 0 for j # j; if j; € Nj is the true mode. ‘

Dual intertemporal loss function

o0
EtZyL(Xt,Ztyim%ajt)- (12)
7=0
Dual optimization problem: Find a saddlepoint such that (12) is maximized over {7, }->0
and minimizes over {2y, ., ir1 }+>0 subject to the relevant transition equation,

max min  E; Z 6 Lyr. (13)
7=0

{’\/t+‘r}7'20 {'Tt+7'~,7;t+7'}7'20
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2.3.1 Observable modes
(X, j¢) state of the economy in period ¢
Bellman equation for the recursive saddlepoint problem

V(Xy, ji) = max min [L(Xy, 21, 31, Y4, i) + BV (Xps1, Jera)]

Yoo (20

= max min | L(Xy, 21,0t v, i) + 5Zj lpjtjwrl/‘N/<Xt+17.jt+1>(70(€t+1)d8t+1 .
t+

e (2e0r)
(14)

©(+) generic probability density function.
Transition equation for X; 1,

X1 = v Xo + Argji B(Xe, 21,01, Jt) + Buj i + G 8, (15)
New dual transition equation for =,
St =V (16)

Solution for z;, i, and -y, depends on ()E}, Jt)-
Solution linear in X; for given j; € N},

2 3 z ({tha Jt) ) Fj |
u= | | = E(Xt:jt) = Z'(X:tajt) =Xy = | Fyj | Xy, (17)
Vi V(Xtvjt) F’th
Ty = x(Xtajt) = f(Xt, Z(Xt,jt)a Zl(‘)ztajt)?jt) = Frtht- (18)

Also solution to the primal optimization problem.
Equilibrium transition equation

S X1 Avj  Xi 4 A Fx'Xt+Bl' Fz“Xt Cl;
Xt 1 = l ] — l Jt+1 Je+17 Tt Jt+17 1t + Jt+1 €441
' F“thXt 0 i
= Mj

X+ Cj 41, (19)
szjm Ny X Ny matrix, C ji M X nx matrix.

—_
—
—it

1
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Dual value function V(Xt, Jjt) quadratic in X, for given ji,

V(X4 jt) = XV, Xe +wj,, ji €N, (20)
‘N/X %j, X ng matrix, wj, scalar.
Details and a convenient algorithm for computing V5 5 ;and F) for j € Nj are provided in
appendix of DFT.
Use (19) and solution (17) and (18) to determine conditional distributions of future variables:

means, medians, and percentiles (fan charts) (simplest with simulations).
Primal value function

5. 5 5 5 1_
V(X jt) = XiViz Xe +wj, = V(X4 i) — 5*—‘1‘ VHj F Xy (21)
<~ - 1_
= ngVXXth—i_wjt 6Ht 1H; FTJtXf, (22)
(scalar w;, same for the dual and primal value functions).

Mean square stability (CFM) is an approprlate concept of stability for the observable-modes
case. Appendix of DFT provides some details.

2.3.2 Unobservable modes

s; = (X],p,) perceived state of the economy (“perceived” in the sense that it includes the
perceived probability distribution, p;, but not the true mode j;)

Somewhat unusual Bellman equation for value function V' (s;),

Vi(st) = EV (s, jr) E pjfv Sty
= man (mm Ef{L(Xf; 2ty Ut ’Yn]f) + 5‘/[ (5t> 2t Uy Vs It Jt41s 5t+1)>jt+1]}
t Zt77t
Xta Zty ltvfyfvj)
= max mln . . Et41)ders1,
Vi Zt lz Z pJ / l+5zk jk‘v[ <Stazt72t77t7]7k‘7 5t+1)7k] 90( f+1) o

(24)
(¢, Ji) true state of the economy (“true” in the sense that it includes the true mode of the

economy).
Transition equation for s 1,

Xt
St = | S| = 9(Se 206 Ve Jts Jir1s Et41)
| Dt+1
[ Avyj,, Xi+ A (X, 20,0, i) + Bujie + Cjy e
= Ve (25)
P'p

18




The solution of the dual optimization problem linear in X, for given Sy,

% 2(sy) i F.p) |
it = it = 5(5t> = Z(St) = F(pt)-Xt = E(pt) Xt, (26)
Ve 7(5t> Fﬂ/(]?t)
2 = (84, 1) = (X0, 2(s1),8(80), 5t) = Fulpr, j0) X (27)

(forward-looking variables depend also on j;).
Also the solution to the primal optimization problem.
Equilibrium transition equation

st+1 = G(St, Jt, Je+1, €rv1) = glSt, 2(81), 1(81), Y(8t), Jts Je1, Ev41]-
Use with (26) and (27) to construct conditional distributions of future states of the economy
(simplest way is by simulation).

(Unconditional) dual value function V(st) 1s quadratic in )N(t for given py,
Vi(st) = X[ Vi (p) Xs +w(py).

Conditional dual value function V(st, Jt)

o L(Xy, 2(st),i(st),v(s0), ) :
Vo) = [ [LoarGhted bl et (e,

Also quadratic in Xt for given p; and j;,
V(st, Jr) = XV (pe, o) Xo + (e, o).

Vig(p) = ZJ. pjtVXf((ptaj)a w(p) = Zj Pt (pr, J)-

20




Value function for the primal problem,

] .
Vis) = Vis) = Zi15 > piH (s ), (28)
J

V(si) = X[V z(p1) Xi + w(py).
Value function conditional on X; and p,, taking into account that j; is not observable. Sec-

ond term on the right side of (28) contains the expectation of Hjz; conditional on that
information. Matrix Vg ¢ (p;) is related to matrix V; ¢(p;) in a similar way as (23).

V<St) = ZJ pjt‘v/(sta j)a

Conditional value function

0 . LIXy, x(s1,7),1(51), J] .

Vs, j) = ’ T Epy1)de e N;). (29

( ! ]) / { +5Zk ijV[g<St,j,k,€t+1>,k] (IO( H_l) s (j ]) ( )

Algorithms for determining the solution and value functions are presented in appendix of
DFT. Computing functions F'(p;), V ¢ (pt), and F(p;) for all feasible values of p; requires
standard function-approximation methods. Computing functions for particular value of p; is
straightforward.

21

3 Interpretation of model uncertainty in our framework

Large variety of uncertainty configurations, approximating many different kinds of model
uncertainty:

e Observable and unobservable modes

e i.i.d. and serially correlated random model coefficients (generalized Brainard-type uncer-
tainty)

e Different structural models
— Different variables, different number of leads and lags
— Particular variable predetermined in one model and forward-looking in another
— Backward- and forward-looking models
— Backward- and forward-looking private-sector expectations
e Persistence of inflation, output, additive shocks.

e Variance of shocks, persistence of variance

22




e Different CB judgments about model coefficients and model uncertainty

—n; different model modes (different coefficients/coefficient variances/
coefficient persistence/shock variance (via C))) (j: = 1, ..., n;)

—m different CB judgment modes (different CB information about model modes, includ-
ing persistence) (k; = 1, ..., m)
— Transition matrix for model modes, depend on the judgment mode, P (k)
— Transition matrix for the judgment modes independent of the model modes, P°
— Composite model-judgment mode (jy, k:), transition probability from model-judgment
mode (h, k) to (§,1)i11, P(k)n; Py,
e Incorporate CB judgment also about future additive deviations as in “MP w/ Judgment”

e Etc., etc.: Any relevant situation for a policymaker that cannot be approximated in our
framework?

e Aside from dimensional and computational limitations, not terribly tight.

— Examples to be shown have 9 state variables, 3 modes, solves in seconds. Examples
with 10 states and 50 modes solves in minutes

— Speed not crucial for policy optimization, more relevant for policy analysis and estima-
tion

23

4 Examples

Empirical regime-switching models of US economy

— Backward-looking model (Rudebusch-Svensson, RS)

— Forward-looking model (Lind¢)

4.1 An estimated backward-looking model (RS)

Serially correlated parameter variation, 3 modes, Bayesian Gibbs sampling methods (Kim
and Nelson), comparing w/ constant-coefficient (CC) version of RS

(priors: ag; > 0, B3, < 0)

2 2
T+l = Z OlrjT—7 + (1 - Z arjﬂ-t—3) + a3;Yt + Cr€mt+1,
7=0 7=0
Yer1 = Bijye + Bojye-1 + By (1 — ) + cyey a1, (30)

j € {1,2,3},
W= b/ T =Y T /4,
Exts €yt 1.1.d. N (0, 1)

24




Table 4.1: Estimates of the constant-parameter and three-mode Rudebusch-Svensson

model.

Parameter | Constant | Mode 1 Mode2 Mode 3
a0 0.5697 | 0.3744  0.6598  0.5437
oy 0.0752| 0.1336  0.0329  0.0678
12 0.1276 | 0.1524  0.1362  0.0999
a3 0.1451 0.1099  0.1652  0.1029
Ioh 1.1834 1.2417 1.1551 1.2162
By —0.2651 | —0.3408 —0.2398 —0.2717
B3 —0.0510 | —0.0115 —0.0393 —0.0206
Cx 1.0070 | 0.7276 1.4008  0.6936
Cy 0.7540 | 0.4748 1.0777  0.7445

Variation across modes: Volatility, slopes of Phillips and AD curve
Transition matrix and stationary distribution

0.9887 0.0056 0.0057 0.5967
P =0.0145 0.9711 0.0143 |, p=|0.2340
0.0199 0.0201 0.9601 0.1694

25

Figure 4.1: Estimated probabilities of being in the different modes. Solid: smoothed
(full-sample) inference. Dashed: filtered (one-sided) inference.
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Optimal policy RS model
e Period loss function

A=1v=02andd =1
e Optimal policy function,

L =
i = FiXy
i = Fi(p) X,

7T% + )\yf2 + V(it — it_1>2

(1=1,2,3),

—_ . . . /
Xt = <7Tt7 T—1, Tt—2, T3, Yt, Yt—1, 14—1, 14—2, Zt—3)

Table 4.2: Optimal policy functions, RS model

Mode Ty Ti—1 T2 -3 Yt Yt—1 Gp—1 G2 Q-3

Constant 1.1053 05037 0.4160 02665 2.1640 —0.5772 0.5120 -0.0549 —0.0278

Mode 1 0.8721 0.5456 0.4308 02976 1.6220 —0.5838 0.7821 —0.0106 —0.0051

Mode 2 1.3269  0.4851 04333 02440 24116 —0.5764 0.5625 —0.0456 —0.0232

Mode 3 1.0219 04750 0.4037 0.2982 2.2605 —0.6209 0.6786 —0.0240 —0.0119

Unobservable [ 0.9907 0.5289 0.4321 0.2920 1.9642 —-0.6163 0.7001 —0.0209 —0.0102
27
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Figure 4.3: Unconditional impulse responses, RS model, unobservable modes, optimal

pOl]C' Response of 1t to 7 shock
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o — — — Median
§ 1 \ — — Constant
05\ A
o=
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Quarters

e Mean responses somewhat similar to CC

Response of 7 to y shock
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02y
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Response of y to y shock
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Response of i to y shock

e Asymmetric distributions, difference mean-median.

20 30
Quarters

40

50

e Initial mean instrument-rate response to y shock less aggressive than CC (Brainard!)
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4.2 An estimated forward-looking model (Lindé)
e Persistent parameter variation, 3 modes, Bayesian methods
T = Wik + (1 — wpj) T+ 70 + e, (32)
Yt = ﬁijtytH + (1 - ij) [ﬁyjyt—l + (1 - Byﬂyt—Q]
— B, (it — Eymiga) + cyey,
i = (1 —pP1j — P2j) (%rﬂrt + ’Vyjyt) + p1jlt—1 + pajli—2 + CiCit.
J€{1,2,3}, en, ey, €3 14.d. N(0,1)
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Table 4.3: Estimates of the constant-parameter and three-mode Lindé model.

Parameter | Constant | Mode 1 Mode2 Mode 3
Wy 0.5164 | 03000 0.1496  0.5595
vy 0.0034 | 0.0643  0.0321 0.0205
/)’f 0.4484 | 04595 0.0757 04139
B, 0.0073 | 0.0067  0.0278  0.0902
ﬂy 1.1902 | 1.2943 1.2191 0.9310
M 0.8216 | 0.7051 1.3038  0.9994
Do 0.0560 | 0.1349 —0.3748 —0.1744
Y 1.5538 1.6441 1.2982  0.7725
Yy 0.9777 | 0.6967  0.6431 1.0784
Cr 0.5920 | 1.0378  0.6943  0.8076
¢y 0.3753 | 04763 0.5147  0.5740
¢ 1.0412 | 2.1133 03712  0.7073

Substantial variation across modes: Volatility, slope
Transition matrix and stationary distribution

0.9411 0.0294 0.0294 0.1322
P =]0.0053 0.9893 0.0054 |, p=0.7214
0.0271 0.0262 0.9468 0.1464
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Figure 4.4: Estimated probabilities of being in the different modes.
Solid: Smoothed (full-sample) inference. Dashed: filtered (one-sided) inference.
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e Optimal policy function,
it = EJXfa ~
ir = Fi(p) X,
Xt = (m—1,yt—1,yt—2,€m, Eyt Ew,t—b Ey,t—l)/7
Table 4.3: Optimal policy functions, Lindé model.

Mode Tl Y1 Y2 -1 Ent Eyt Smp-1  Zyi-1
Constant 0.1738 0.9394 —0.2112 0.7623 0.2128 0.7559 0.0011 0.0252
Mode 1 0.9582 0.9171 —0.3461 0.7446 1.4205 1.0362 0.0026 0.0215
Mode 2 1.9812 2.6539 —0.5794 0.6252 1.6176 1.4724 0.0004 0.0039
Mode 3 0.3556 0.8943 0.0639 0.4947 0.6520 0.9071 0.0066 0.0758

Unobservable | 1.7877 2.2912 —0.4708 0.5968 1.6633 1.4033 0.0010 0.0142
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Figure 4.6: Unconditional impulse responses, Lindé model, unobservable modes, optimal
policy. Shadmg 30/ Response of 7 to 7 shock
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Asymmetric responses, mean-median differences

More of mass away from zero than for CC case

Initial mean ¢; response more aggressive than CC case (counter to Brainard)
Policy responses die out after 20 quarters; stabilization via expectations.
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8 Conclusions

e MJLQ framework flexible, powerful, yet tractable way of handling model uncertainty and
non-CE
e Large variety of uncertainty configurations, also able to incorporate a large variety of CB
judgment
e Extension to forward-looking variables via recursive saddlepoint method
e Straightforward to incorporate unobservable modes w/o learning. Work in progress on
learning
e Provide advice on optimal policy for a large variety of uncertainty and judgment configu-
rations
e Natural applications: put more structure on modes
— Different structural models, or parameter uncertainty within models (as in LOWW
Macroannual)
— Uncertainty about driving processes: productivity slowdowns, volatility moderation,
different fiscal policies
e Learning, updating of p;: See BOP.
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