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Linear-quadratic optimization with forward-looking variables:

Sequential and recursive methods

Model on state-space form

lH)i?u} :A[;if} + Biy + lﬂam (1)
fort > 0, X; ny-vector of predetermined variables (one element of X; can be unity, in
order to handle constants), X given, x; n,-vector of forward-looking variables, i; n;-vector
of instruments (control variables), €; n.-vector of exogenous zero-mean iid shocks with
Covley] = I,..
Matrices A, B, C, and H are of dimension (nx +n,) X (nx +n.), (nx+ny) X n;, nx X n.,
and n, X n,, respectively.
Covariance matrix of the shocks to X;,1 is C'C".
2t = Eiziq1.
A common special case is H = I. In general H need not be invertible, and some rows of
may be zero.
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A variable is a predetermined variable if and only if it has exogenous one-period-ahead
forecast errors (Klein),

X1 — ElXi = Ceppa.

Depends on lagged variables and contemporaneous exogenous shocks. (Blanchard-Kahn:
Zero one-period-ahead forecast errors.)

Predetermined variables that only depend on lagged values of themselves and contempora-
neous exogenous shocks are exogenous variables.

A variable that is not a predetermined variable is a non-predetermined variable (the forward-
looking variables x; and the instruments 7;).

Non-predetermined variables have forecast errors, x;1 — E¢xs1q and 4401 — Eyi411, which
are endogenous, that is, endogenous functions of the exogenous shocks.
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The two blocks of (1) can be written

Xt+1 = AHXt + AIQ.I't + Blit -+ C€t+1 (2)

Hzxipp = AnXy + Axxy + Baiy, 3)
where A and B are partitioned conformably with X; and x;,
A Ap By
A= , B = :
lAm Ago By

The upper block, (2), determines X, given Xy, xy, i, and €4 1.
Assume that Ao is invertible,

Tt = A2_21 (th+l|t — Angt — Bglf) (4)
The lower block determines x; given 1), Xy, and 4.

Assuming that the shocks ¢; only enter the upper block in (1) is not restrictive (define addi-
tional predetermined variables for these shocks and enter them in the upper block).

Expressing the constraint in the form (3) is not very restrictive. Suppose, for instance, that
the constraint is replaced by a constraint of the form

Eq ZT=1 H™(Ay Xy s + Ao ir + Bairyr) = An Xy + Agoxy + Boiy, (%)

(this form arises in some contracts problems and is a special case of the constraints in
Marcet-Marimon).
First, introduce the additional forward-looking variable

Ty = By Zio H (A Xy ir + AgoTpsr + Boiryr) = An Xy + Agowy + Boiy + ErHao 141
Second, replace (5) by the two constraints
EHzop1 = — AnXy — Agxy + w9 — Boiy,
0 = (Agy + A1) X, + (Age + Agg)zy — w9 + (B + Ba)iy.
These two constraints are obviously of the same form as (3), with

H L1l | _ H$2,t+1\t ‘
Loyt 0




Introduce
Xt
Y,=D | x4 (6)
i
ny-vector of target variables, measured as the deviation from a fixed ny-vector of target
levels, Y*, where D is of dimension ny X (ny + n, + n;).

Period loss function
/

1 1 Xt Xt
Ly = ?@IAY} = B x| W |, (7
it U

A, W = D'AD symmetric positive semidefinite matrices. The elements of A are the weights
on the target variables in the period loss function.
Intertemporal loss function in period 0 be

Eo Y (1—6)0'Ly, (8)
t=0

where 0 < § < 1 is a discount factor.
e Practice writing models on state-space form

Yo = a(my — Tye—1) + &

Optimal policy under commitment: The commitment equilibrium
Consider minimizing (8), under commitment once-and-for-all in period ¢ = 0, subject to (1)
for t > 0 and X, = X, where X, is given.
Variants of this problem are solved by Backus and Driffill, Currie and Levine, Sims, and
Soderlind. The problem can be solved in several ways.
1. The Lagrange method (sequential method)

2. The Recursive Saddlepoint method (recursive method)




The Lagrange method: Set up the Lagrangian, derive the first-order conditions, and
solve a difference equation
Rewrite (1),

* p C
Hl x| =A] x| + l 0 1 Et41, )
U1t it
- I 00
AE[AB}, HE[OHO}' (10)
7
Lagrangian,
© B [ Xi1 - Xt C
EO = EO Z(l — 5)5t Lt + [€;+1 E;] H xt+1‘f —A Tt l 0 :| Etr1
=0 iyt i
+ ; £0(Xo — Xo)
s - [ X1 ~ Xi C
= E[] Z(l — (5)(5t Lt + [5;4_1 E;] H Tl — A Tt — l 0 ] Et+1
=0 Ut41 U

1—46 _
+T€6(X0 — Xo),

&;+1 and =, are vectors of nx and n, Lagrange multipliers of the upper and lower block,
respectively, of the model equations.

Law of iterated expectations used in the second equality.

= is dated to emphasize that it depends on information available in period ¢ (the lower block
determines x; given information available in period ?).




The FOCs with respect to X}, x4, and 7; for ¢ > 1 can be written

[ X)) iy ] W+ | ;E;_l]%ﬁf—[ggm Z]A=0. (11)
The FOCs with respect to X}, x4, and 7; for t = 0 can be written
[ Xt af i)W+ [& 0] 5H — [y =] A=0, (12)
where X = X. (There is no constraint corresponding to the lower block of (9) fort = —1.)
Define
=_1=0, (13)

Then FOCs can be written more compactly as (11) for all £ > 0 and (13).

The system of difference equations (11) has ny + n, + n; equations.

e The first ny equations can be associated with the Lagrange multipliers &,. The expression
— 1%‘5& can be interpreted as the total marginal losses in period ¢ of the predetermined
variables X; (for £ = 0, with given X, the equations determine &). They are forward-
looking variables: the Lagrange multipliers of the equations for the predetermined vari-
ables always are forward-looking, whereas the Lagrange multipliers of the equations for
the forward-looking variables always are predetermined. (Substitute X, — X, for X, take
derivative with respect to X;.)

e The middle n, equations can be associated with the Lagrange multipliers =;. The ex-
pression (1 — §)=} Ay can be interpreted as the total marginal losses in period ¢ of the
forward-looking variables, z;. (1 — 0)=}H can also be interpreted as the total marginal
loss in period ¢ of the one-period-ahead expectations of the forward-looking variables,
Ty i1t (Substitute x; — x; for x;, and take derivative with respect to ;. Substitute z§ for
Tt11)t> and take derivative with respect to 73.)

e The last n; equations are the first-order equations for the vector of instruments. In the
special case when the lower right n; X n; submatrix WW;; of W is of full rank, the instru-
ments can be solved in terms of the other variables and be eliminated from (11), leaving
the first nx + n, equations involving the Lagrange multipliers and the predetermined and
forward-looking variables only.
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Rewrite the nx + n, + n; FOCs as

1! €t+1|t X L= t
A S W | wy | =H | S| (14)
=t i ) =1

Combine them with the model equations (9) to get a system of 2(nx + n,) + n; difference
equations for £ > 0,

Xt+1 Xt C

g oo | b A 0 i 0

{O fl’] 2t+1t = lW %H/] ét + 0 Et+1- (15)
tH1t St 0
=t | =i-1

X; and =Z;_; are predetermined variables (nx + n, in total)

x4, i1, and &, are non-predetermined variables (n, + n; + nx in total).

Under suitable assumptions, this system has a unique solution for ¢ > 0, given X, and
=_1 = 0. The solution uses the generalized Schur decomposition. Klein provides a detailed
discussion of how this solution method relates to those of Blanchard and Kahn, Binder and
Pesaran, King and Watson, Sims, and Uhlig.

The solution assumes the saddlepoint property emphasized by Blanchard and Kahn: The
number of generalized eigenvalues with modulus larger than unity equals the number of
non-predetermined variables, n, + n; + ny.

Solving a system of linear difference equations with nonpredetermined variables

Consider the system
Yit+1 Yt C
H ’ =A + € 16

lEtyQ.,tH] {y%} l 0 ] s (16)

fort > 0.

y1; 1s an ni-vector of predetermined variables, ¥ is given

Yor 18 an ng-vector of nonpredetermined variables,

€t+1 1s an 1id random n.-vector with zero mean and covariance matrix [, .

The real matrices A and H are n X n, where n = n; + ns, and the real matrix C'is n; X n..
Take expectations conditional on information in period ¢ and write the system as

Ewi 1 Yt
H ’ =A 17
l By 11 Yot {17
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Following Klein, Sims, and Séderlind, use the generalized Schur decomposition (Golub and
van Loan) of A and H:
There exists square possibly complex matrices (), S, T', and Z such that
A=QTZ, (18)
H = QSZ, (19)
where (' for a complex matrix denotes the complex conjugate transpose of () (the transpose
of the complex conjugate of Q).
(If @ = [gji] has elements ¢;; = Re ¢j;; + i Im g, the complex conjugate of () is the matrix
Q = [g;x] with elements gj;, = Re g, — i Im gj..)
The matrices () and Z are unitary (Q'Q = Z'Z = 1)
S and T are upper triangular
Sort the decomposition according to ascending modulus of the generalized eigenvalues, so
|Aj| > |Ax| for j > k. (Done by two programs by Sims, Qzdiv and Qzswitch.)
The generalized eigenvalues are the ratios of the diagonal elements of 7 and S, \; = t;;/s;;
(J = 1,...,n). A generalized eigenvalue is infinity if ¢;; # 0 and s;; = 0 and zero if ¢;; = 0
and s jj 7£ 0.

Assume the saddlepoint property (Blanchard and Kahn): The number of generalized eigen-
values with modulus larger than unity (the unstable eigenvalues) equals the number of non-
predetermined variables. Thus, assume |A;| > 1 forn; +1 < j < n; +mngand |A;| < 1
for 1 < 7 < ny. (For an exogenous predetermined variable with a unit root, we may allow
|Aj| = 1forsome 1 < j < ny. Also \; = 1 for any unity component of X; — or subtract

constant means.)
glt = Z/ ylt ) (20)
Yot Yot

Define

Interpret 41+ as a complex vector of n; transformed predetermined variables and 9o, as a
complex vector of no transformed non-predetermined variables. Premultiply the system
(17) by Q) and use (18)-(20) to write it as

Su S | | B | _ | T T | | Yue @1
0 So | | Bt 0 Too | | Y2t |’

where S and T" have been partitioned conformably with ¢, and 1.
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Consider the lower block of (21),

S99 B 141 = Tho s (22)
Since the diagonal terms of Sy and T (s;; and ¢;; for ny +1 < j < ng + ny) satisfy
|t;j/s;j| > 1, the diagonal terms of T, are nonzero, the determinant of 75, is nonzero, and
T, is invertible. Note that So, may not be invertible. Then solve for g, as

Yor = JEa 411 =0, (23)

where the complex matrix .J is given by
J = Ty,' Sas. (24)
Exploit that the modulus of the diagonal terms of T5," Sy is less than one. Assume that

Eiy2 14+ 1s sufficiently bounded. Then J"E;y2 ¢4, — 0 when 7 — oo. Note that J may not
be invertible, since Sy may not be invertible.

By (20),
yie = Zud, (25)
Yor = Zo1U1t, (26)
where
Zn Zio
J = 27
lZm 2221 @7)

is partitioned conformably with ¥; and yo;.

Under the assumption of the saddlepoint property, Z;; is square. Furthermore, assume that
Z11 1s invertible.

Solve for 7 in (25),

g = Zn'y, (28)
and use this in (26) to get

Yor = Fye, (29)
where the real ny X n; matrix F' is given by

F = ZnZ (30)
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It remains to find a solution for y; ;41. By (23), the upper block of (21) is

SuEn 1 = Tud.
Since the diagonal terms of S1; and 77 satisfy |t;;/s;;| < 1, all diagonal terms of S},
must be nonzero, so the determinant of Sy; is nonzero, and Sy; is invertible. Then solve for

Et?jl,tJrl as

B a1 = STt

By (25),
Ewii1 = ZuEwi i1
= ZuSy T
= ZuSy'TunZy v 31
where (28) is used.
It follows that we can write the solution as
Yri11 = My + Ceryn, (32)
where the real matrix M is given by
M = Z, STz (33)

Thus, the solution to the system (16) is given by (29) and (32) for ¢ > 0.
(See Sims (2000) and Svensson (2005, app. B) for the case when ¢, is an arbitrary stochastic
process.)

The solution to (15)
Let

XtE{TXt], C{E|:€‘|
—t—1

Then the solution can be written

x = F.X, (34)
i = FX, (35)
Xip1 = MX;+ Ceyyy, (36)

F,, F;, and M depend on A, B, H, D, A\, and 9, but are independent of C.

e Certainty equivalence of the commitment solution: It is independent of the covariance
matrix of the shocks to X;, C'C’, and the same as when that covariance matrix is zero.

Solution for the forward-looking Lagrange multiplier &,,
gt = Ftha
not needed here.
The matrix F; can be called the optimal policy function or the optimal reaction function.
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The submatrices of the matrix M, F)., and F;,
Myxx Mx=
MEleX M)_(::|7 FQZE[FIX FzE]; EE[EX EE];
are related according to
Mxx = An + Aplix + BiFix,
Mx= = ApF,=+ BiFi=.
Note that, as is the case for non-predetermined variables, the one-period-ahead forecast
errors of 7; and x; are endogenous,
Tip1 — Eyrpr = Fa:ggtJrla
41 — Bty = FiCeypa,
since F), and F; are endogenous.
In a commitment equilibrium,

ro]
Y,=D| F, | X, = DX,
F;

1 RS
Lt = EYQ/AY% = EX;WXt,

where D is an ny x (nx +n,) matrix and W = D'AD is an (nx +ng) X (nx +n,) matrix.

The equilibrium loss in any period ¢ > 0 satisfies

00 1 N N

7=0
where V' is an (ny + n,) X (nx + n,) matrix and w a scalar. The equilibrium loss satisfies
the Bellman equation,

(1-— 5))~(£V)~(t +ow = (1— 5))~(£V_V)~(t + 0E[(1 — 5))~Q’+1V)~(t+1 + dw.
From this and (36) follows that V' satisfies the Lyapunov equation,
V=W+§MVM, (38)
and w satisfies
w = tr {VC’C”} : (39)
Furthermore, from (37) and (39) it follows that

. e T 11 .
62%1— Et 7;0(1 — 6)5 Lt+7— = §w = étr {VCC/} .
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Commitment in a timeless perspective

Suppose the commitment is not made in period 0 but far into the past, or alternatively,
that any commitment in any period ¢ is restricted as if it had been made far into the past.
This kind of commitment has been called a “commitment in a timeless perspective” by
Woodford, cf. Svensson-Woodford. Then the condition (13) no longer applies, and the first-
order condition (11) and the solution (34)-(36) holds for all ¢ = ... — 1,0, 1, ... As noted
by Svensson-Woodford, a simple way of finding the solution for commitment in a timeless
perspectlve is to add the term 65“2 1Hz; to the commitment problem in period ¢, where
=¢—1 is the Lagrange multiplier of the equations for the forward-looking variables from the
optimization in period t—1. Then, the optimization problem in period ¢ has the intertemporal
loss function,

o0
1—0_
Et Z(l - (5)(5TL15+T + T:g_lHl't.
7=0
When this term is added, optimization under discretion in each period also results in the
solution for commitment in a timeless perspective. This term is also related to the recursive
saddlepoint method of Marcet and Marimon.

21

The Linear Quadratic Regulator (LQR) problem
Consider the problem (Anderson-Hansen-McGrattan-Sargent, Ljunqvist-Sargent):

V(X;) = min E, S =0 L,

U+tr

1 /
!
2| u 1t

X1 = AXy + Biy + Ceyya, (40)

subject to

where X is given.
The value function will be quadratic (linear model, quadratic loss function),

V(X)) = %[(1 _SXIVX, + du).

The Bellman equation can be written,
1 1] X X, o
§[<15>X;vxt+5w]<15>min{—[ o [ e v+ e ]}

(2 2 Zt
(41)
subject to (40).
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The first-order condition with respect to 7; is
Ji, + KX, =0,
where the matrices ./ and K are defined as
J = R+0B'VB,
K = N' +6B'VA,

where
W = lf\?, ]}\{[1 ,
is partitioned conformably with X} and 7,. It follows that the solution for ¢; can be written
1 = F X, (42)
where
F=-J"'K. (43)

Using (42) and (43) in (41) results in the Riccati equation,
V=Q+6AVA-KJ'K.

Thus, the solution F' can be found by first solving the Riccati equation for V' and then using
(43).

23

In equilibrium, we have
Xip1 = MX; + Cegy,

where

M = A+ BF.
Substitution into (41) gives

w = (1—-0)Ee},,C'VCep] + dw,
w = Eyle; C'V Cepq] = Egtrle)C'V Cepiq| = Egr[C'V Ceypire) 4] = tr[C'V Y,

w = tr[VCC].
(We have used tr [ABC] = tr[BC A] = tr[C AB].)
The LQR problem can also be solved with the Lagrange method: Set up the Lagrangian;

find the FOCs, combine with (40) to get the system of difference equtions in X, i, and &;;
solve for ¢; and &, as functions of X;.
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Solving the Lyapunov equation for the matrix V'
V=W+0dMVM,

where W and M are given n X n matrices. This equation can be solved using the relations

vec(A + B) = vec(A) + vec(B)

vec(ABC) = (C' @ A) vec(B),
(where vec(A) denotes the vector of stacked column vectors of the matrix A, and ® denotes
the Kronecker product). This gives

vec (V) = vec(W) + dvec (M'V M)
= vec(W)+ 6 (M' @ M')vec (V).
Solving for vec (V') gives
vee (V) = [I — 8 (M' & M")] ™" vec(W),

where the matrix [ — § (M’ ® M) must be invertible.
Also, note that

trace(ABC') = trace(BC A) = trace(CAB),
trace(A + B) = trace(A) + trace(B).
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The recursive saddlepoint (RSP) method of Marcet and Marimon
The problem to minimize (8) subject to (1) and (6)-(8) is not recursive. The forward-looking
variables, x;, depend on expected future forward-looking variables, (3). The RSP method of
Marcet and Marimon provides a simple way to reformulate the problem as a dual recursive
saddlepoint problem, so dynamic programming can be applied. The dual problem is then,
except for being a saddlepoint problem, isomorphic to the standard backward-looking LQR
problem.
Rewrite the Lagrangian as
= L + E/(Hl’t 1 — AQlXt — AQQSCt — Bgit>
Lo=F Y (1—6)8 | " .
’ ! tzzo:< ) l+§£+1<Xt+1 — AnXi — Apzy — Briy — Cegpq)
1—9 -
+— £0(Xo — Xo).
The term Hx;. 1, dated ¢ 4 1, appears in the first row of the Lagrangian. Therefore, not
recursive.

However, because of (13), the discounted sum of the first row can be written
(o)

Z(l — 0)8'[Ly + Zj(Hwpoy — An Xy — Appay — Baoiy)] =

t=0

00 B . 1_

Z(l — 5)5t[Lf + :;<—A21Xt - Aggl‘t — Bglt) + g:z/f—let]' (44)
t=0
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Now all the terms within the bracket on the right side are dated ¢ or earlier. The RSP method
is in this case to let this term define the dual period loss.

AN
Lt = Lt + ’y;(— Angt — A22$t — BQZt) + gié_let (45)
= L;+ L}

= L(Xt, Etfl; T, ita rYt)a

=1 is a new predetermined variable in period ¢, 7y, is introduced as a new control, =;_; and
7, are related by the transition equation,

== (46)
The problem can then be reformulated as the recursive dual saddlepoint problem,
max min Egy Z(l —0)6' Ly, (47)

{vetezo {mesii }iso 0

where the optimization is subject to (2), (46), and to Xy and =1 = 0 given. The value
function for the saddlepoint problem, starting in any period ¢, satisfies the Bellman equation

V<Xt7 Et71> = max mln{<1 - 5)L(Xf7 Et,l; Tt if} /Yt) + 5Etv<Xt+l7 Ef)}?

Ve o (T4,

subject to (2) and (46).

27
Define
Tt
w=1 1% |,
Vi
and define W, fl, B , and C' such that
- 11X s T X
Li==|"_"| W /| " 48
AR w ) <>
Xt+1 = AX)‘ + Bif + é€t+1. (49)
Then, fl, B, and C satisfy
~ | A 0O ~ | A B 0 5 | C
AZ[OO]’ B:{o or]° =l

and T satisfies
[ Wxx 0 Wy, Wy, —A} ]
i 0 0 3H 0 0
W - W,;(x %Hl Wz::z: Wxi _A/QQ D
Wy, 0 W, Wi —B
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where W is partitioned conformably with X;, z;, and ¢; according to

Wxx Wx, Wx;

W= W),(I Wl?.’)’f eri

Wy Wi Wi
The problem to minimize (47) subject to (49) and given X, is isomorphic to the LQR prob-
lem, except being a saddlepoint problem. However, the saddlepoint aspect does not affect
the first-order conditions. It is easy to show that the first-order conditions of the saddlepoint
problem are identical to those of the original problem.

29

Hence, use the standard solution for the LQR problem:
Value function

- 1 o
Bellman equation
<7 1 g <7 ~ . X~t ' T Xt ~/ = <7 5 ~
(1-0)X;VX;+ 0w = (1—6) max (mm){ - 44 ; +0(E X7 VX + ﬁw)}
Teo (Tl t t -
(50)
subject to (49).
FOC with respect to 7; is
Jiu+ KX, =0,
where
J = R+6BVB,
K = N +6BVA,
QN
W= l N' R

30




g —Ayy —By 0
Solution for #;
o =FX, (51)
where
F=—-J'K. (52)

Using (51) and (52) in (50) results in the Riccati equation,

V=Q+0AVA-KIJ'K.
Thus, the solution F' can be found by first solving the Riccati equation for V and then using
(52).
The matrix F' provides the solution not only to the saddlepoint problem but also to the
original problem. The equilibrium dynamics will then be given by

Xip1 = MX;+ Cepa,

Tt
(

Ly

FxXh
- EXt7

1~ -
- §XZWXLL,

(33)

31

where
M = A+ BF,

the matrix [ is partitioned conformably with xy, i;, and ,,

and

32




F is also the solution to the original problem

Value function of the saddlepoint problem? V and @ does not directly provide the value
function of the original problem, because L, differs from L. Indeed, the matrix V' is not
positive semidefinite.

Decompose the value function of the saddlepoint problem according to

1 e 1 o 1S
5[(1 — X VX, +6w)] = =[(1 — 6) XV X, + 6w + %[(1 — & XVIX; + ow'],

2
where
1 ~ ~ 0 ~ [e¢)
S =XV, +ou] = B, > (1—6)5 E Xt’+TWXHT =E ) (1-06)5 "Ly,

7=0 7=0
is the value function for the original problem (starting in period ¢ with X, given).

Bellman equation for the original problem

1 ST 1 =~ 1 - -

V satisfies the Lyapunov equation,
V=W+§MVM,
and is positive semidefinite. The scalar w satisifies
w = tr(VCC).

33

However, more direct way:
Note that, by (3), (45), and (46), identity

1 - 1 . 1_
S0 = )XV Xs + du] = 5[(1 — O)X[V X, + 0] - (1-6)5=

(= _HE,X+X/F H'=, ).

= | HF,X,,

1 .
S[1-8) XV Kt du') = — (1- S)iz HEX, = —%u—(s)

o o

Identification of terms implies w! = 0. w and V' are determined by

w = w,
Vv | 0 1F  H’ _ Vyx Vyz — $F) H’
- \HF,x YHF=+FieH) | = | Vey — 1HF,y V= — Y HFz + FlH) |
VElNXX VXH‘|7 TE[FIX F”CE:|
EX VEE
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In summary,

e The original problem is reformulated by incorporating the block of equations for the
forward-looking variables, (3), in such a way that the resulting saddlepoint problem be-
comes recursive and isomorphic to the LQR problem.

e The solution to LQR problem is the solution to the original problem
e The value function for the original problem is identified.

Marcet-Marimon and Svensson (2006, appendix) shows that the recursive saddlepoint method
can also be applied to problems that are not linear-quadratic.

35

From (44) and (3), it follows that

00 - 00 T 1— (5_
Et Z(l - 5)5 Lt+7’ = Et Z(l — 5)5 Lt—i—T + T:élel’t, (54)
=0 7=0
The intertemporal loss function for the dual problem and the original problem differ by
1—90_
T:;_lH.’L't. (55)

e Minimizing the right side of (54) under discretion will result in the optimal policy under
commitment in a timeless perspective.

e Svensson-Woodford: A “commitment to continuity and predictability,” a CB optimizing
under discretion but taking into account previous expectations and plans in the form of
adding (55) to its intertemporal loss function. That is, such a commitment means that the
central bank applies the appropriate shadow price vector 1%‘55271 from the previous pe-
riod’s optimization to the linear combination H z; of the current period’s forward-looking
variables. Such a commitment to a modified loss function then implies that optimization

under discretion results in the optimal policy under commitment in a timeless perspective.
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Using the recursive saddlepoint method to solve linear difference equations with forward-
looking variables
Consider the system

Xy = AnXy + Az + Cegqa, (56)
EiHryn = A Xy + Aoy, (57)

and assume that it has a unique solution
r = F,.X;. (58)

This solution can be found with the generalized Schur decomposition, as in Klein and
demonstrated above.
The solution can also be found with the recursive saddlepoint problem. Let

L(Xt,g;t)z% {th/w [Xt] ,

Tt Tt
where IV is any positive semidefinite matrix, and let

L 1_ 11X - [X
L(Xt, Zt) = L(Xt, .’L't) —+ ")/;(— AQlXt — AQQZIZ'LL) + 5:2_1[‘[1}/ = 5 l Ztt:| W l Nt ] ’

Xt—H = /IXLL + Bit + é&“t,
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where

~: Xt %: Ly
L R A

WX X 0 WX r A/21
< 0 0 H 0
WXI =H ! VV:I;:I: - /22 7
where W is partitioned conformably with X; and x; according to
Wxx Wxy
W)/( T WII ‘
Then we can apply the recursive saddlepoint method as above. This will result in the solution

] _ gy o [Eex B=] [ X
W= =FX,=| =" - _ ,
t [%1 t {va Fl [:H}

|

where
Here (59) should be demonstrated in detail, but we realize that it must be true when there is
a unique (nonbubble) solution (58).

Note that, since there are no degrees of freedom for z;, the solution (59) for x; does not
depend on the matrix 1. The solution for 7, will depend on .
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Optimization under discretion: The discretion equilibrium
Let (1) be the model equations. Let the period loss function be

/

[ X X,
Lt = 5 Tt %4 T s (60)
1t (N

and let the intertemporal loss function in period ¢ be
.¢]

Y (1= 06)0"Lisr,
7=0
where 0 < § < 1.
Consider the decision problem to choose ; in period ¢ to minimize the intertemporal loss
function under discretion, that is, subject to (1), X; given, and

1 = Py Xen (61)
1 = G X, (62)

where F;.1 and Gy, are determined by the decision problem in period ¢ + 1. Both F} g
and ¢, are assumed known in period ¢; only G, will matter for the decision problem in
period t.

Oudiz and Sachs derive an algorithm for the solution of this problem (with H = I'), which
is further discussed in Backus and Driffill , Currie and Levin, and Soderlind.

39
First, take the expectation in period ¢ of (1),
Xt+l|t Xt .
=A + Bi;. 63
{ H L1t Ty ! (63)
Second, using (62) and the upper block of (63) results in
Tty = G Xy = G (An Xy + Araxy + Byiy). (64)
The lower block of (1) is
Hmt+1|t = AQlXt + AQQI‘t + Bgit. (65)
Multiplying (64) by H, setting the result equal to (65), and solving for x; gives
xp = A Xy + By, (66)
where
A = (An — HGyy1A)  (HG Al — Ag), (67)
By = (A — HGi1 A1) (HGi By — Bo) (68)

(Assume that Ay — HGy 1 A9 is invertible). Using (66) in the upper block of (1) then
gives

Xip1 = A X, + Byiy + Cepy, (69)

where
/:1:5 = Ap + Al?izlt; (70)
Bt = Bl +A12Bt- (71)
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Third, using (66) in (60) leads to

_irx e N[
Lt_§lit} [Nt’ Re| | d |’ (72)
where
Qt = WXX + WXIAI'Z + A;W)/(T + A;szAta (73)
Nt = WXth:i_ A;WTTBf:i_ WXi + A;Wma (74)
Rt = VVM + B;WIJ.’IIBt + ngm + W;LBz‘ (75)

Fourth, since the loss function is quadratic and the constraints are linear, it follows that
the optimal value of the problem will be quadratic. In period ¢ + 1 the optimal value will
depend on X;.1 and can hence be written 3[(1 — 6)X/, Vi 1Xy41 + dwpy1), where Vi
is a positive semidefinite matrix and w1 is a scalar independent of X;,;. Both V;.; and
wyy1 are assumed known in period ¢. Then the optimal value of the problem in period ¢
is associated with the positive semidefinite matrix V; and the scalar wy, and satisfies the
Bellman equation

%[(1 — 5)X£‘/;Xf + 5wf] = (1 — 5) Hgn {Lf + 5Et%[Xt/+1V;g+1Xt+1 +

subject to (69) and (72).

)
1_ 5wt+1]} , (76)
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Indeed, the problem has been transformed to a standard LQR problem without forward-
looking variables, albeit in terms of X; and with time-varying parameters. The first-order
condition is, by (72) and (76),
0 = X/N; + iRy + SB[ X, Vi1 By
= X|N; + ;R + (X, A} +1,B,)V,.1B;.
The first-order condition can be solved for the reaction function

i = B X, (77)
where
Fy = —(Ry + 6BVi1B) " Y(N! + 6 B)Vi 1 A)) (78)
(Assume that R; + 53{%“3 is invertible). Using (77) in (66) gives
rp = G X,
where
Gy = A, + B,F,. (79)
Furthermore, using (77) in (76) and identifying terms result in
Vi = Qi + NiFy + F{N{ + F/R.F; + 8(As + ByF) ' Vier (A + B F). (80)
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Finally, the above equations ((67), (68), (70), (71), (73)—(75), (78), (79), and (80)) define
a mapping from (Gyi1, Vii1) to (G, V;), which also determines F;. The solution to the
problem is a fixed point (G, V') of the mapping and a corresponding F. It can be obtained
as the limit of (G}, V;) when t — —o0. The solution thus satisfies the corresponding steady-
state matrix equations.

Thus, the instrument ¢; and the forward-looking variables x; will be linear functions,

iw = Xy, (81)
z = GXy, (82)
where the corresponding F' and G satisfy the corresponding steady-state equations. The

matrix F' can be called the equilibrium policy function or the equilibrium reaction function.
The resulting equation for X; is

Xi1 = MX; + Ceypy, (83)
where
M= A+ BF
where A and B is the fixed point of the mapping from (Ai1, Bi) to (Ay, By).

It also follows that F, G, A, and B depend on A, B, H, W, and §, but are independent of
C'. This demonstrates the certainty equivalence of the discretionary equilibrium.
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In a discretion equilibrium,

I
Y,=D |G| X, =DX,,
F

1 | R
Lt = 51/;//\)/; = §X£WX1§,

where D is an ny X ny matrix and W = %D’A[D 1S an ny X nx matrix.
The equilibrium loss in any period ¢ > 0 will satisfy
o0 1
Et Z(l — 6)57—Lt+7 = 5[(1 - (S)X;VXt + 611}],
7=0
where the ny X nx matrix V' and the scalar w, the fixed point of the mapping from
(Vi1 wii1) to (Vi, wy), satisfy
V =W+MVM,
w = tr[VCC.

The equilibrium loss obviously depends on C.
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One might think that the discretion solution can also be found by combining (9) with the
first-order condition (12) for ¢ > 0. This solution is generally not correct. It amounts to
treating expectations ;1; as exogenous. This is consistent with (62) only in the special
case of all predetermined variables in the vector X; being exogenous, in which case ;. =
G X 41 is independent of 7;. However, if some predetermined variables are endogenous,
X1y and thereby x;,q; will depend on #;, which is taken into account in the Bellman
equation derived above. The reason why the first-order conditions (12) for ¢ > 0 give the
correct discretion solution in the model of Svensson-Woodford is that all predetermined
variables are exogenous there.
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Relation to Sims’s Gensys
Consider the system of equations (16) and introduce the vector of endogenous expectational
errors of the nonpredetermined variables,

Ny = Yor — Er1yor,
which have the obvious property that E;_;7, = 0. Using this to substitute for E;ys ;41 in
(16), the latter can be written in the form
LCoyr = Dy + Ve + 1y, (84)
where
_ | Y _ _ _|C
yt_lygt‘|’ FU_H, FI_A, \I/_|:O
where H = [H; H,] is partitioned conformably with y;; and yo;. Sims uses the general-
ized Schur decomposition to find a solution to (84) with a more elaborate method than the
one used above, explicitly taking into account the condition E;_;7, = 0 and the somewhat
complex restrictions this implies.
Sims also deals with the case when ¢; is an arbitrary exogenous stochastic process and not
necessarily a zero-mean iid shocks as above. Then the solution can be expressed as

1, HEHQ,

00
Y = @13/7571 + Oper + @y Z @}@9Et€t+1+7—,
7=0

where ©y and ©, are real matrices, ©,, ©, and Oy are complex matrices, and @1197}@9 for
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any integer 7 > 0 is a real matrix. Svensson (2005, appendix) solves (16) with Klein’s
method when ¢, is an arbitrary exogenous stochastic process and expresses the solutions as
Yu = Fyu+ Zi,
Y41 = My + NEZ, 11 + PCEgr1 + Clersr — Eerin),

o0
Zi = Z R, CEseri14r,
7=0
where I, M, N, P and { R, }>°, are real matrices of appropriate dimension.
Klein provides a detailed discussion of how the solution method used in these notes relates
to those of Blanchard and Kahn, Binder and Pesaran, King and Watson, Sims, and Uhlig.
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How to go from (16),
Hy Hip Yut Y11 C
=A|"" + 5
[ Hy Hyo | | Yorji—1 Y211 0"
to (84)?
Simply introduce the endogenous forecast errors for the non-predetermined variables,

Ny = Y2t — Y2.4)t—1-
Substitute for ;1

Hy Hy | | it Y11 C His
=A|7" + €t — .
|:H21 H22] |:y2t Y2,1-1 0% | Hn ™
This system is the same form as
Loyt = T'yr—1 + Wer + 1.
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The recursive saddlepoint method for a nonlinear problem
Consider the nonlinear problem

min E 1—06)6"L,, 85
{ir}i=0 : t2=0:< ) ! (85)
where the period loss function is
Ly = L(Xy, x4, 4, S1), (86)
the constraints are
Xi1 = Au( Xy, 24,0y, 5141), (87)
EeH (X1, g, Si1) = Ao Xy, 4,44, 50), (88)

where {s;} is an exogenous Markov process, A;(-), As(+), and H(-) are vector-valued func-
tions of the same dimension as X}, x;, and z;, respectively, and where X and s are given.
Equation (87) determines X, given Xy, x4, i, and syy1. The function As( Xy, 7y, 4¢, S¢) is
assumed to be invertible with respect to x;, so equation (88) determines x; given Xy, i, St,
and expectations E;H (X1, i i1, St41)-
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Write the Lagrangian as

- Ly + ZE H (X1, T, Se1) — Ao( Xy, @4, 4y, 51))]
£ — E 1— 5 6t t t +15 +1, .+ ) y Uly Ot
0 0 tz_():( ) { +€;+1[Xt+1 - Al(Xm Tt, U, 5t+1>]

S ¢ | L+ ZH (X1, vev, se01) — Ao( X, 24,4, 8t)]
%o ;(1 9)5 { + & X — Au(Xy, w4, 0, S141)] } » (59)
where =, is the vector of Lagrange multipliers for (88), £, ; is the vector of Lagrange mul-
tipliers for (88), and the second equality follows from the law of iterated expectations. The
problem is not recursive, since the term H (X1, .1, St+1), which depends on the forward-
looking variable x; 1, appears in the first line of of (89). However, note that the discounted
sum of the first line of (89) can be written

S (1= OO L + ZH (X1, w1, 5041) — Aa(Xp, @,y 50)]} =
t=0
- _ . 1_
Z(l - 5)5t{Lf - \:]IL/AQ(Xt, Ty Uty St) + g:;_1H<Xt, T, St)},
t=0

where =_; = (. Now all the terms within the curly brackets on the right side are dated ¢
or earlier. The recursive saddlepoint method is in this case to let this expression within the
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curly brackets define the dual period loss. More precisely, the dual period loss is defined as

~ . 1_ ~ _ .
Ly = Ly — v, As( Xy, w4, 1y, 8¢) + 552_1H<Xt; Ty, 5¢) = L(Xy, Zio1; T, ey s St)s

where =;_; is a predetermined variable in period ¢ and +, is an additional control variable,
and where =;_; and ~, are related by the dynamic equation,

= = 7, (90)
Marcet and Marimon show that the problem can then be reformulated as the recursive sad-
dlepoint problem,

max min Fy 1—6)6'Ly,
{yitezo {atsithizo ;< oL
where the optimization is subject to (87), (90), and X and =_; given. The value function
for the saddlepoint problem, starting in any period ¢, satisfies the Bellman equation
‘N/(Xt; s¢) = max min{(1 — 5)E(Xt; it St) + 5Eﬂ~/()~(t+1; st1)},

Ve (i)

subject to (87) and (90), where X; = (X/, =, ,) and #; = (z},},7,)". The optimal policy
function for the saddlepoint problem will be

B EI/'()N(U St)
it = F(Xt7 St) = E(A)g ) St)
F’Y<Xt7 St)
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It follows that the solution for the original problem is
Tt = Fx(gzt, 5t),
i = Fi(Xi, s1), i -
Ly = LIXy, Fo( Xy, 81), Fi( Xy, 50),8¢) = L(XG, 81),
v _ Ay [ Xy, Fo( Xy, 81), Fi(Xy, ), 8001] | %
Xy = Fw(Xh s) = M(Xy, 81, 8141)-
The value function for the original problem satisfies the Bellman equation
V(Xf, St) = (1 — 5>L(Xt, St) + 5EtV[M(Xf, St¢, St+1), St+1].
This value function is related to the value function of the dual problem by

3 o 1—6_ 3
V(Xt7 St) = V(Xt, St> — T‘:;le[de Fx<Xt7 St); St]-

Expressing the constraint in the form (88) does not seem restrictive. Suppose, for instance,
that the constraint (88) is replaced by a constraint in the form

o T .
Ey ZT:1 0" G(Xttr, Tryrs Stir) = Aa( Xy, T, it St) o)
(this case is also treated in Marcet and Marimon). The constraint can easily be rewritten in
the form (88). First, introduce the additional forward-looking variable

Ty = By ZTZO 0" G(Xisr, Tigr, Str) = G( Xy, 24, 8¢) + 0B 411

52




Second, replace (91) by the two constraints
OB = — G( Xy, my, 81) + Ty,
0 = Ao( Xy, 4,0, ) + G( Xy, x4, S¢) — Ty
These two constraints are obviously in the same form as (88), since they can be written
ErH (X1, To1s T2a41s St1) = Ao Xy, w1, T2, 1, 51),

where

~ ox

H<Xt7 Lty L2t St) = [ 02t 1 ’
— G( Xy, 14, 5¢) + ot

X, Ty, U, .Tt) + G(Xt, T, St) — Tt

Note that it should be possible to use the recursive saddlepoint method to solve nonlinear

difference equations with forward-looking variables, as in the linear case.

Ao(Xo, 2y, o, 11, 1) = l As(
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