Optimal Monetary Policy under Learning and Model Uncertainty
Lars E.O. Svensson and Noah Williams

Markov Jump-Linear-Quadratic (MJLQ) model of an economy
with forward-looking variables
Private sector (PS) and central bank (CB)

Xiv1 = A, Xy + Avgj @ + By i + Chy €041,
EiHj,, w01 = Ao, Xy + Agojwy + Bajiy + Coj gy,
Et ~ N(O, [n,g)-
Model modes j; € N; = {1,2,...,n;}
Markov process with the transition matrix P = [Pjy] .
J+, €+ independently distributed
Cjet, Corer independent for all j, k € N
Py|¢ perceived (estimated) probability distribution over modes in period ¢
Prediction equation

Pty = Plpt|t-

(D
2)

3)




CB intertemporal loss function

E; Z5TL(Xt+m Ttir, bsry Jetr) (0<d<1) “4)
7=0
Period loss
X (X
L(Xy, x4y, Jt) = 5 | % Wi | @ |, (5)
it it

W; (j € N;) positive semidefinite.
Special case of no forward-looking variables (no x4, no (2))

General and tractable way of handling model uncertainty
Large variety of uncertainty configurations. Approximate most relevant kinds of model
uncertainty

e i.i.d. and serially correlated random model coefficients (generalized Brainard-type uncer-
tainty)

e Different structural models
— Different variables, different number of leads and lags
— Particular variable predetermined in one model and forward-looking in another
— Backward- and forward-looking models
— Backward- and forward-looking private-sector expectations
e Regime switches: shifting coefficients, means, variances
e Model misspecification
e Ambiguity aversion, robust control (P € P)
e Different forms of CB judgment (for instance, perceived uncertainty)
e Etc., etc.

e Approximate all relevant uncertainty situations for a policymaker? (Aside from dimen-
sional and computational limitations)




CB optimizes under commitment in a timeless perspective
Three cases

1. Optimal policy with no learning (NL) (Svensson-Williams 05)
Naive updating equation

Priijt+1 — P/pt|t- (6)
2. Adaptive optimal policy (AOP)
Policy as in NL, Bayesian updating of p; ¢, 1 each period
No experimentation
3. Bayesian optimal policy (BOP)
Optimal policy taking Bayesian updating into account
Optimal experimentation

1. Optimal policy with no learning (NL)
Replace equation (2) by the two equivalent equations,
ErHj 21 = 21, (7)
0= Agltht + AQthxt — 2+ Bth”;t + ngtét, (8)
2t n-vector of additional forward-looking variables
Practical way of keeping track of the expectations term on the left side of (2).
Use (8) to solve z; as a function of X4, z;, 74, j+, and &;
we = B(Xy, 21, i, Jiy 1) = Ay (2 — Ao1j, Xy — Bajiy — Cojey). 9)
For given j;, linear in X, z;, 7;, and &;.
Apply recursive saddlepoint (RSP) method (Marcet-Marimon)
Dual period loss function

By L(X1, 20,1, Yoo jis 1) = /ijttz(XmZt,it;%aj,?ft)@@t)d&,
J

X, = (X],Z/_Y (nx + n,)-vector of extended predetermined variables
v, ny-vector of Lagrange multipliers
©(+) denotes a generic probability density function

= . , . o o PR o
L(Xt> Zt72ta'7t;]t75t) = L[Xt,ﬂf(Xt, Zt72t>]t»5t)a Zta]t]_725t+:;_15HjL$<Xt7 Zt,Zta]t,Et)-




Dual optimization problem

V(s) = max (mu% B L(Xy, 20,50, 71, s €0) + OV (5141)] (10)
s = (X, pg| .) (partial) state of the economy
Transition equation for sy 1,
[ X
St+1 = =t = 9(Sts 2t it Ve Jts €t J41, Et41)
| Pt+1)t+1
A Xo + Avgj B(X, 210, J, €0) + Bujie + Cuj e
= Ve (11)
i P/pt|t
Solution quasi-linear
7 = 2(51) = Fz(pﬂt)Xm (12)
i = i(s)) = Fi(pye) X, (13)
Ve = ”Y(St) = Fy(pﬂt)Xt» (14)
, - , : X
xr = 2(st, Jr,€r) = T(Xy, 2(80),1(8¢), s €0) = Felpap); [ 6;] : (15)
x; quasi-linear in X’t and ¢,
7
Value function for dual problem V/(s;) quasi-quadratic
. 1~ ~ . 3
Vi(st) = B / ¢ 5 (Do) Xi + W(pye)-
Equilibrium transition equation
St+1 = g(St, Jt, €1, Je+1, Et1) = G(8t, 2(81),4(8t), Y(St), Jts €t Je15 Et41)-
Value function for original problem
(16)

- 1 '
Vist) = Vi(st) _:;—15/ZpiﬂtHjx(Sta]a5t>90<5t)d5t
J

- 1 :
= Vi(st) — 52715 ijﬂtHjx(Sta.]a 0)
J

1 S
§XtIVXX(Pt\t)Xt + W (pyt)-




2. Adaptive optimal policy (AOP)

Policy as under NL (disregarding Bayesian updating), i; = i(s;), 21 = 2(s¢), 7, = Y(s¢)
Sequence of information revelation:

(1) CB and PS enter period ¢ with the prior py;_;. Know X; 1, 2,1 = 2(8t-1, Ji—1,&¢-1)s
21 = 2(84-1), 941 = i(st_1), and =;_1 = y(s;_1) from the previous period.

(2) In beginning of period ¢, mode j; and shocks ¢; realized. Predetermined variables X
realized according to (1).

(3) CB and PS observe X}, but not j; or &;,. They then know X, = (X!, =/ )"

(4) CB and PS update prior py;_1 to the posterior py;

O(Xtlge = J, Xi—1, Te—1, G—1, Dee—1)
¢(Xt|Xt—1, Tp1,7-1, pt|t—1)

Then CB and PS know s; = (f(,g,p;ﬁ)’.

(5) CB solves dual optimization problem, determines i; = i(s;), 7, = 7y(s:), announces and

implements instrument setting ;.
(6) Private-sector (and CB) form expectations,

Zr = EtH

Jt+1

Djtjr = Djtft—1 (J €Ny, (17)

Ty = E[Hj,, v | 8¢ = 2(s1)-

(7) After z; = z(s;) determined, z; determined as a function of X, 2, i1, j;, and &; by (9).
(8) CB and PS use the observed z; to update p;|; to new posterior pz‘“t

v ol = 7, Xy, 2,0 Duge) .
Pl = : p; jeN). (18)
Jt‘t Sp(xt’Xb Zt, Ztapt‘t> ]t|t ( J>

(9) CB and PS leave period ¢ and enter period ¢ + 1 with prior p;1; given by prediction
equation

Pty = Plptﬂ (19)
Then the sequence of the nine steps above repeats itself.
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Details:

O(Xilje = J, Xoo1, @1, i1, Pyje—1) = W(Xy — Anj X1 — Ay 1 — Bujip1; C1iCYy),
(20)

1 1
S —exp | — —5’21€>
T = e (-3¢

QO(Xt‘thla Tp1,%4-1, Pt|t—1) = Z Pjt|t—1¢(Xt - Alletfl +A12j37t71 +Blj2‘t*15 Cljc{j)'
J

1)

o(i|je =k, X, 2, 1, o) = ]2 — Ao Xy — Aoty — Bogdy; ConCy), (22)

P(e| Xp, 2,1, pye) = ) praptdlze — Aok Xy — Aggpy — Boyiy; CorCly]. (23)
2

Updating equation (18)
pZTt = Q" (s, 21,01, Jt, €1) (24)

[QT(SE Zt, if:jfv 575)7 ceey Q:z_j(sh Zt, itajta 575)]/7

o Z( Xy, 21,04, Gy €1); Cop O
QZ(Staztazt7jt7€t) = w[ ( aRRL Jt, t,) 2_ 2k] 7 pkt‘t
>k Pret Zie(Xe, 20, 1, iy €1); CorCly )

Zi( Xty 2ty 8, G, €8) = 20 — Aop Xy — Aok ®( Xy, 24, 4, Ji, €1) — Bogly,

(ke N;) (25

Transition equation for p;, 141

Prrijir1 = Q(8t, 24,8t Jit, €4, Jrr1, €¢11)- (26)
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Equilibrium transition equation

X1
Stp1 = =t = 9(St; Jts €t Ji+1, Et41)
| Dt+1)t+1
[ Alljt+1Xt + A12,jt+l'r<8t7 Jts 515) + BljtJrli(St) + Cl,jt+1€t+1
= V(st) 5
Q(St, Z(St), i(St), Jts €ty Ji+1, €t+1)

Value function for A_OP case.

V(se) = EALIX:, (s, 20)silse), Gi] + 0VIg(st, Jis €0, e, )]}
L[Xt’ $<Sf7j7 gt), Z(Sf),]]
: | V1g(st.J derdein. (27
/;pﬂlt{ +03 2 PinVIg(se, J,er k, €41)] p(er)p(eri1)derdery1.(27)

Ex post,

Ptijt+1 = Q(St, Zty Uty Jty €ty Jt+1, €t+1)
is random variable, depends on j;,; and ;. 1. Note that
Epij = BiQ(se, 2(51),1(54), Jt, €65 Jes1 €441) = Praap = Py
Introducing Bayesian updating of p; 141 is mean-preserving spread of p;y1j111.

If V(s;) concave in py;, lower loss under AOP.
Perceived vs. true transition equation for py, 1j;41-

13
3. Bayesian optimal policy (BOP)
Transition equation (true and perceived)
[ X
Si41 = =t = g(Sts 24, its Vi Jts €t Jr+1, Et41)
| De41)t+1
All,jt+1Xt + A12.7t+1:z<5t7 2ty Uty Jty 515) + B]-,jtJrlit + Cljtﬂgt—i-l
= Vi : (28)
Q(st, 2ty Uty Jty €ty Jt+1, 5t+1)

Dual optimization i)roblem: (10) with the above transition equation.
Solution to dual optimization problem

z = z2(st) = Fz(thﬂt)a (29)
i = i(s) = Fi(Xo, pr), (30)
Ve = (s) = Fﬂ/(Xt;pﬂt); (31)
w = a(se, &) = B Xy, 2(s0),i(s4), Ji, &) = Fol X pyes i, €0)- (32)

Because of the nonlinearity of (26) and (28), solution no longer quasi-linear.
Dual value function V' (s;) no longer quasi-quadratic.

Value function for original problem V(s;) no longer quasi-quadratic.
Optimal experimentation incorporated.
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Numerical results so far

e Miranda-Fackler collocation methods, CompEcon toolbox

e Only backward-looking case so far

e Under NL, V() concave in py; (proof?)

e AOP lower loss than NL

e Small difference between BOP and AOP; almost within numerical errors

e Ethical and other issues with BOP relative to AOP: Perhaps not much of a practical prob-
lem?

e More simulations and cases needed
e Programs for BOP with forward-looking variables to be completed

Applying the methods of Miranda and Fackler
st = (Xi,py,)' state, ar = (24, 1, 73)" action
Transition equation

St41 = (81, t, Jit, €ts Jir1, E41)-
(differs from the standard case in its dependence on €; and j; beyond s;)
Reward function f(s;, a;)

f(8t7 CLt) = / ijﬂtf’()zfa 2ty ita Vi j7 St)gﬁ (815) dgt?

j
Bellman equation

V(s;) = max min {f(st, ar) + 6BV (g (s, as, ji, €6, Jer1, 5t+1)} ,

Vi (Zt,lz)

Etv[g<5taat;jtagtajt+l>5t+1) =

= / ZJ i ijpjt\tv[g(sta at, ju €t, kv €t+1)]@(Et)@(€t+1)d€td€t+l.

In equilibrium, 2, i;, and -y, are functions of s;; x; = T(Xy, 2, it Ji, €¢) is also a function of
Jt, and ;.
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Without forward-looking variables: s; = (X}, p;| .)\, a; = iy, transition equation

St+1 = g(st, Aty Jt415 5t+1)7

reward function

f(s,a0) = ijﬂtL(Xta it, J)-

J

Simple example: ny = 1,n, =0,n; = 1,n; =2
st = (X, qut) state (q; = p1y), a; = iy action.
State transition function §(s, at, jii1,Et+1),

Str1 = g(8t, ap, Jer1, €e11)-
f(se,ap) = %Xf reward function. Bellman equation

V(3t> = H}Lin {f<5ta at) + 5EtV[9(8t, A,y Jiv1,s 5t+1>]} .

{€1, w;} be the quadrature nodes and probabilities of a discrete approximation of normal
shock €41

7(st) = qrape = (1= Poo) + (Pr1+ Paa — 1) gy
Approximation of the Bellman equation (j;11 € {1,2})

V(s;) = min {f(Sta a)) + 6 Y wilr(s)VIg(se, ar, 1, &) + [1 = r(s)]VIg(st, ar, 2, 51)]}} :
z
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Function approximation by collocation methods:
{;(s)})-; be a set of basis functions. Use the approximation

n

V(s)~ ) cipjls).
j=1
Fix the collocation nodes {s;}”_;. Nonlinear system of n equations for the determination of
the n basis coefficients {c;},

- — i 8i) D5 CJ%[Q(&:,@, L&)
;Cj‘:@j(si) — i { 5i,a) + 5Zwl { 1 —7(s:)] 277 cjpilg(siy a, 2, )] }}

fori = 1, ..., n. Similar to Miranda and Fackler, except r(s;) (corresponding to » . )
Collocation equation

dc = v(c),
collocation matrix ¢

Di; = ;(si),
v: R" — R", typical ith element satisfies

= mind 1o N ) lg(si,a,1,¢))]
vi(c) = U i Q +5Z ZZ J{ 1— r( sz)]@][g(si,aalgl)] }

Typical ¢ jth element of the Jacobian v’ of the collocation function satisfies
=9 Zwl{r 9(sia, 1, )]+ (1 —1(s:));l9(si, a,2,€1)] }-

Main challenge in 1mplement1ng the collocation method is in coding the routine vmax that
solves the minimization problem of the Bellman equation,

[v,a, vjac] = vmax(s, c),
s n x 1 vector of collocation nodes, c n X 1 vector of basis coefficients, v n X 1 vector of
optimal values at the collocation nodes, a n X 1 vector of optimal action values at the nodes,
vjac is the n X n Jacobian of the collocation function at c.
The optimization routines of Miranda and Fackler use first- and second-order derivatives of
the state transition function with respect to the action. Solves first-order conditions with
Newton method.
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Numerical example

One predetermined variable, no forward-looking variables, two modes

Loss function

1
X

Ly

Transition equation

. =095

Xir1 = A Xy + Biiy + Crern

A=A =1,
Instrument more effective in mode 1
By =—-1.5,

Highly persistent modes

|

0.999 0.001
0.001 0.999

Ci=0C=1,

By =—10.5

|

21

Loss functions

Loss: No learning (NL) (27-Mar-2006)

Loss: Bayesian optimal policy (BOP)

18 13
X=0
—X=1.25
16 12,5
5 IRy
12
11.5
10
0 0.2 0.4 0.6 0.8 1 11
P, 0 0.2 0.4 0.6 0.8
Py
Loss difference: BOP-NL Loss differences: BOP-AOP,
0 0.02
0
-1
-0.02
S -2 3 -0.04
-0.06
-3
-0.08
-4 -0.1
0 0.2 0.4 0.6 0.8 0 0.2 0.4 0.6 0.8
P, Py
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Bayesian uppdating of p; ;1

Larger magnitude of 7, larger difference in X, between modes

vz, kP, =05 X=1,i=08)

0.4}
0.37
0.27
0.1}

0
=5

Py et

0.57

— 9]
t

-EX

t+1 1+1 o+l

VZ,, 1Py 0y, =05 X=1.0=08)

0.5
0.4
0.3
0.2

0.1

23

Probability distribution of p;, 1,1, dependence on magnitude of ;
Larger magnitude of 7, larger difference in X, between modes

¢(P1 t+1|l+1| pl,z+1|t=0'5’Xz=1’ it=0'8)

2 PSRN
/ N

/ ‘\

/
1 / >

/ — k=1 \\
,/ - - -k=2| ~_
O T
0 0.5 1
Py i1

q)(pl t+1|t+l| pl,z+1|t:0'5’ thl’ it:1'4)

0.5 1
pl,t+l|t+l
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Policy difference: Under BOP, increased magnitude of 7,
Policy function: Bayesian optimal policy (BOP)

Policy function: No learning (NL) (28—Mar—-2006)
10 10
—p 1:0.93
5H—pP 1=0.5 5
— p1=0.071
~ 0 b - 0
-5 s
-10
s -10
3 ?( -5 0 5
X
Policy difference: BOP-NL
0.4
-0.4
-5 0 5
X
25
Policy difference: BOP-NL
T T T
091
0.8
0.7r
0.6 ~0.2 02— |
wﬁ T [ %
b / \
7 05F /
/
//
0.4 ’
/
0.3F y
S &
e
0.2+
\0 o “ Qq/
S
0.1F 0
Il 0 Il Il Fa¥ Il
-5 -4 -3 -2 -1 0 1 2
X
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Policy difference: BOP-NL
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