
Solving Dynamic Linear-Quadratic Problems
with Forward-Looking Variables and Imperfect

Information using Matlab

Andrea Gerali∗and Francesco Lippi†

March 2006

(Toolkit Version: 3.4)
COMMENTS WELCOME

Abstract

We illustrate a framework for solving and analyzing a class of dynamic
control problems which is central to modern macroeconomics. This class
can be broadly identified with stochastic linear-quadratic control problems
(in discrete time) with forward-looking components (i.e. ”jump” variables)
and imperfect information. Under the rational expectations assumption,
three solution concepts are considered: commitment, discretion and simple
rules. A main purpose of this paper is to present a set of Matlab routines
(the ”toolkit” in the following) which allow a user to solve and analyze
complex dynamic problems by means of standard tools (impulse response
functions, stochastic simulations, decomposition and spectral analysis of
covariances, Kalman filtering).
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1. Introduction and overview of the control problems con-

sidered

This paper presents a framework for solving and analyzing a class of dynamic

control problems which is central to modern macroeconomics. This class can be

broadly identified with stochastic linear-quadratic control problems (in discrete

time) with forward-looking components (i.e. ”jump” variables) and imperfect

information. Under the rational expectations assumption, three solution concepts

are considered: commitment, discretion and simple rules. A main purpose of

this paper is to present a set of Matlab routines (the ”toolkit” in the following)

which allow a user to solve and analyze complex dynamic problems by means of

standard tools (impulse response functions, stochastic simulations, decomposition

and spectral analysis of covariances, Kalman filtering). We begin by defining the

control problems studied in this paper and introducing the notation.

1. A first issue that can be analyzed with the toolkit is an optimal control

problem where a large agent (say a government or ”policy maker”, to fix

ideas) chooses the setting of an instrument (control) to minimize a given loss

function. The equations governing the dynamic evolution of the economy

(which, in the government story, will typically encode the Euler equations

describing the private sector optimizing behavior) are:"
Xt+1

xt+1|t

#
= A

"
Xt

xt

#
+B it +

"
Cu

0

#
ut+1, (1.1)

where Xt is a vector containing npd predetermined variables in period t (also

called natural state variables in the following), xt is a vector of nfw forward-

looking variables, it is a vector of nctl policy instruments, ut is a vector

of nsk structural shocks with zero mean and covariance Σ2u (nsk·nsk) and
A, B, Cu (npd·nsk) and 0 (nfw·nsk) are matrices of appropriate dimension
(the elements of 0 are all zeros). We denote with xt+1|t the expectation
E[xt+1 | Jt] , i.e. the expectation of xt+1 with respect to the information Jt

available in period t, defined below. The lower part of (1.1) is sometimes

referred to as the ”implementability constraints” since it encodes the way in

which the current value of xt depends on its future expected value and thus,
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in the solution, on all future values of the states {Xτ>t} and the controls
{iτ>t}.

Let Yt represent the vector of target variables that enter the government

criterion function,

Yt = C

"
Xt

xt

#
+ Ci it, (1.2)

where C and Ci are matrices of appropriate dimension. Let the quadratic

form describing the per-period loss function be given by

Lt ≡ Y
0
tWYt (1.3)

where W is a symmetric positive semidefinite matrix of weights. The gov-

ernment actions are aimed at minimizing the intertemporal loss function

Λt = E[
∞X
τ=0

δτLt+τ | Jt] (1.4)

where δ ∈ (0, 1) is the intertemporal discount factor.
The (complete) information set Jt is defined as:

Jt ≡ {Xτ , xτ , ∀ τ ≤ t; A,B,Cu, C, Ci,W, δ,Σ2u}.

We provide algorithms for solving the above problem under two different

equilibrium notions, which differ in the way expectations of forward-looking

variables are treated. Notice that in both equilibria we are going to impose

that expectations are rational, in the sense of being correct on average.

(1a) In the first equilibrium, called the ”commitment” solution, the large

agent is assumed to be able to choose a policy plan (i.e. a sequence of

choices for all future periods and states) at the beginning of times. A key

feature of this equilibrium is the assumption that the plan is credible. As

a consequence, private sector expectations will take its announcement into

account. This means that the government, by simply announcing different

policy plans, can influence private sector expectations. Stated differently, we

are giving the large agent (at the beginning of times) the ability to choose
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the expectations for the forward-looking variables to best serve its purposes

under the constraint that expectations must be ”rational” (i.e. correct on

average). To summarize, in the commitment solution the maximizing agent

chooses (at time zero) a rule for its instrument and the expectations of the

forward-looking variables so as to minimize its loss function.1

(1b) In the second equilibrium, called the ”discretion” solution, we withdraw

from the government the ability to commit to a policy plan at the beginning

of times. A consequence of this is that the private sector will disregard

the government announcement of its policy plan in forming expectations.

This means that the government will have no way to influence expectations

by announcing a policy plan. To summarize, in the discretion solution the

maximizing agent chooses a rule for its instrument taking expectations of

forward-looking variables as given. This solution is time consistent (it is

sometimes referred to as the ”Markov perfect equilibrium”). It achieves a

lower expected value of the criterion function compared to commitment.

The key difference between these equilibria is a technological assumption

about the environment. In one case, the technology is such that the large

agent can commit, while in the other it is not. In both cases the toolkit

first computes the optimal policy under the relevant equilibrium concept

and then solves the resulting dynamic linear rational expectation model.

2. The second issue analyzed by the toolkit is related to the use of simple (i.e.

non-optimizing) rules for controlling the economy. In fact, we can ask the

toolkit to solve for the dynamics of the system in (1.1) disregarding the target

variables in (1.7) and the associated maximization problem. In this case,

the user supplies an exogenous control law for it, which, in the toolkit, is

allowed to be a function of the current and future (expected) values of state

and forward looking variables. With this, the toolkit solves the resulting

R.E. system (which might have one, infinitely many or no solutions) and

calculates the dynamics of the endogenous variables as a function of the

1This solution has the feature of not being time consistent, in the sense that the optimizing
agent has an incentive to revise its optimal plan whenever considering to do so at a later date
than the one in which he originally planned (see Kydland and Prescott, 1977).
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states.2 A slight variation of this problem leads to the use of the toolkit

as a straightforward R.E. solver algorithm. If the user does not specify

any target variables, the toolkit disregards the controls it (it sets a control

rule identically null for them) and solves the resulting standard linear R.E.

system "
Xt+1

xt+1|t

#
= A

"
Xt

xt

#
+

"
Cu

0

#
ut+1, (1.5)

using one of the standard methods (QZ factorization, Schur decomposition,

singular value decomposition or undetermined coefficients).

3. A final issue that can be analyzed with the toolkit is an (imperfect) infor-

mation problem, that adds on top of the control problems (1a), (1b) and (2)

illustrated above.

We define imperfect information as the situation in which some (or all) en-

tries in the vectors Xt and/or xt are not observed by the model agents. Two

important remarks are in order here. First, we only consider the case of sym-

metric imperfect information, i.e. all agents in the model are assumed to

have the same information at each instant of time.3 Second, the incomplete-

ness of information is restricted to the variables (entries in Xt and xt) and

does not spread to the parameters (the structural matrices A,B,C etc...).

The latter limitation can be partly circumvented. Parameter uncertainty

can be studied in this environment by redefining any parameter over which

agents are uncertain as an additional state variable in the vector Xt. As

long as this does not violate the linearity of the resulting economy, this case

can be analyzed with the toolkit. Now the laws of motion of the economy

become:"
Xt+1

xt+1|t

#
= A1

"
Xt

xt

#
+A2

"
Xt|t
xt|t

#
+B it +

"
Cu

0

#
ut+1, (1.6)

2Note that this equilibrium can be viewed as a commitment to a generic (generally sub-
optimal) rule. Although the rule is credible by assumption, the rule is suboptimal because it
only depends on a restricted set of states, which does not allow the replication of the first best
commitment rule.

3Svensson and Woodford (2004) study the asymmetric information case.
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where for any variable st, the notation st|τ denotes the expectation E[st | Iτ ],
i.e. the expectation of st with respect to the information set Iτ available

in period τ (to be defined next). Imperfect information shows up in the

distinction between, say, Xt, the possibly unobserved true value of the states,

and Xt|t, the best estimate of it based on the information available at t. The
target variables are now given by:

Yt = C1

"
Xt

xt

#
+ C2

"
Xt|t
xt|t

#
+ Ci it, (1.7)

The per-period and intertemporal loss functions are unchanged. It remains

to define what is known to the agents in the model at each instant in time,

i.e. the information sets It for every t. Typically it will not include all the

variables in the model, as was the case for the information set Jt. To specify

formally what is observed and what is not, we need to introduce a vector of

nz observable variables Zt given by:

Zt = D1

"
Xt

xt

#
+D2

"
Xt|t
xt|t

#
+ vt, (1.8)

where the “noise” vector vt is assumed to be i.i.d. with covariance matrix

Σ2v and uncorrelated with ut at all leads and lags. Obviously this notation

is general enough to include the case where some elements of Xt and/or xt

are observed and some others are not. Now the information It in period t is

defined as:

It ≡ {Zτ , ∀ τ ≤ t; A1, A2, B, Cu, C
1, C2, Ci, D

1, D2,W, δ,Σ2u,Σ
2
v}.

The toolkit provides algorithms for both the discretion and the commitment

solution of this problem as well. But, in addition to that, it also solves

the ”signal-extraction” problem faced by agents. Namely, it computes an

optimal filtering matrix U (using the Kalman filter) through which agents

update their believes about the current states (Xt|t) as a function of past
beliefs and the ”surprises” (new information) in the observables:

Xt|t = Xt|t−1 + U
£
Zt − Zt|t−1

¤
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Part I

Some Theory

We provide a brief overview/reference of the theory that underlies the solution

algorithms used by the code.

2. Solution under commitment

2.1. Complete information case."
Xt+1

xt+1|t

#
= A

"
Xt

xt

#
+Bit +

"
Cu

0

#
ut+1, (2.1)

Start by stacking the natural state variables Xt and the forward looking vari-

ables xt in the vector

Ψt ≡
"
Xt

xt

#
Let us rewrite the transition law of the variables (2.1) using Ψt as follows:

Ψt+1 = AΨt +Bit + wt+1 (2.2)

Notice that w0t+1 ≡ [(Cuut+1)
0 (xt+1 − xt+1|t)0] includes the expectational error

incurred in substituting xt+1|t with xt+1 in the l.h.s. of (2.2).

Following Ljungqvist and Sargent (2004)4 we characterize the solution of the

problem by exploiting a trick that allows us to ”recursify” the problem. The

original problem, infact, is not recursive in the variables [Xt, xt] because the

current value of xt is not a function of current and past values of it only: instead,

being a forward-looking variable, it depends on all current and future settings of

the instrument {iτ}τ>t.
STEP 1.

The first step of this approach involves solving an optimal linear regulator

problem (OLRP in the following) disregarding the special nature of the forward-

4Early references to this technique can be found in Currie and Levine (1985) and Backus and
Driffill (1986).

8



looking variables xt and instead treating them as predetermined at t (i.e. as

additional state variables). Since the per-period loss function is quadratic and the

constraints are linear, we know that the value achieved by the objective function

(1.4) will be a quadratic function of the ‘initial conditions’. Therefore we can

write the Bellman equation for the problem as follows:

Ψ0
tVΨt + d =

min
it

n
Y

0
tWYt + δEt

£
Ψ0
t+1VΨt+1 + d+ 2µ0t+1(AΨt +Bit + wt+1 −Ψt+1)

¤o
(2.3)

(where d is a constant scalar) subject to

Yt = CΨt + Ciit

where we explicitly keep track of the law of motion (2.2) via the vector of multi-

pliers µt. The first order necessary conditions for the problem with respect to it

and Ψt+1 are
5:

C 0
iW [CΨt + Ciit] = −δB0µt+1 (2.4)

µt+1 = VΨt+1 (2.5)

Equation (2.5) is often referred to as the ”stabilizing condition” since it dictates

that, at the optimum, the multipliers µt and the state vector Ψt must be propor-

tional to each other, thus preventing either one of them from growing unbounded

along the solution trajectory unless the other does so as well.

STEP 2.

Now, use (2.4) to derive an expression for the control it and substitute it back

into the right hand side of (2.3) to evaluate the objective function at the opti-

mum. Algebraic manipulations of the result yield a standard Riccati equation

from which V and F (the matrix associated with the policy function it = FΨt)

can be computed. With those, the rest of the solution follows easily. Let’s parti-

tion the vector µt into two parts: the first one containing npd lagrange multipliers

5We use the following rules for differenciating quadratic and bilinear matrix forms: ∂x0Ax
∂x =

(A+A0)x; ∂y
0Bz
∂z = Bz; ∂y

0Bz
∂y = B0y
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(called µX,t) associated with the natural state variables Xt and the rest contain-

ing nfw multipliers (called µx,t) associated with the forward-looking variables xt.

Rewriting the ”stabilizing condition” (2.5) accordingly we obtain the last system

of equations needed to characterize the solution under commitment:

µt ≡
"
µX,t

µx,t

#
=

"
V11 V12

V21 V22

#"
Xt

xt

#
(2.6)

The second step of the ”recursification strategy” comes at this point: condition

(2.6) implies that, since the xt variables are not predetermined at t, the multipliers

µx,t associated with them can be treated as predetermined variables, with the

interpretation of shadow prices (measuring the cost — in time-t losses — of the

implementability constraints).

Thus, although the original problem in [Xt, xt] was not recursive (because

the xt were ”free to jump”), the problem that uses [Xt, µx,t] as states is instead

recursive! And it can be shown (see Ljungqvist and Sargent 2004) that the solution

achieved by this recursive strategy is indeed identical to the solution obtained

under a direct lagrangian method. Mechanically, all is needed to recursify this

problem is to add the µx,t to the state vector (these additional states are sometimes

called costates) and then solve for the system dynamics in terms of this augmented

state vector.

STEP 3

With this interpretation of the µx,t in mind, it is immediate to find a closed

form solution for the forward looking variables xt and the policy variable it in terms

of the predetermined variables of the model. Assuming that V22 is invertible,

rewrite the lower part of (2.6) to express the forward looking variables xt as a

function of Xt, and µx,t alone:

xt = −V −122 V21Xt + V −122 µx,t (2.7)

Next, partition the matrix F of the policy function of the OLRP above to

conform to Xt and xt:

it = [F1 F2]

"
Xt

xt

#
(2.8)
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and substitute expression (2.7) in it to obtain:

it = F ∗1Xt + F ∗2µx,t (2.9)

where we defined:

F ∗1 ≡ F1 − F2(V22)
−1V21

F ∗2 ≡ F2(V22)
−1

Now (2.7) and (2.9) are the rational expectation solution for the forward looking

variables and the control as a function of the predetermined state (Xt) and costate

(µx,t) variables.

2.2. Adding imperfect information

In the presence of imperfect information, the problem is only marginally altered.

The system law of motion becomes

Ψt+1 = A1tΨt +A2Ψt|t +Bit + wt+1

The Bellman equation for the problem becomes:

Ψ0
t|tVΨt|t + d=

min
it

E
n
Y

0
tWY t+δ[Ψ

0
t+1VΨt+1+d+ 2µ

0
t+1(A

1
tΨt+A

2Ψt|t+Bit+wt+1−Ψt+1)] | I t
o

(2.10)

subject to

Yt = C1Ψt + C2Ψt|t + Ci it

and the set of first order necessary conditions are:

C 0
iW

£
(C1 + C2)Ψt|t + Ciit

¤
= −δB0µt+1|t

µt+1|t = VΨt+1|t (2.11)

The same logic applied in the derivation of the rational expectation solution and

the policy function discussed in the previous subsection goes through here, except
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that a little extra work is required to show that the ”recursification strategy” does

indeed achieve the same solution of the direct lagrangian method. Now the state

variables are Xt|t and µx,t and all the equilibrium expressions and laws of motion

of the system are to be expressed in terms of them. The expressions for xt|t and
it are straightforward extensions of eqns (2.7) and (2.9) above:

xt|t = −G∗1Xt|t +G∗2µx,t (2.12)

it = F ∗1Xt|t + F ∗2µx,t (2.13)

where

G∗1 ≡ (V22)
−1V21

G∗2 ≡ (V22)
−1

while an expression for xt, the implied values of the (possibly unobserved) forward-

looking variables, can be computed as follows. Let us partition the squared ma-

trices A1 and A2 as was done with V in (2.6). Now consider the lower part of

(1.6) and subtract from it its expectation w.r.t. It:

A121(Xt −Xt|t) +A122(xt − xt|t) = 0.

Using (2.12) and assuming invertibility of A122 yields

xt = G1(Xt −Xt|t)−G∗1Xt|t +G∗2µx,t (2.14)

where

G1 ≡ −(A122)−1A121.

The upper partition of the ”stabilizing condition” (2.6) yields an expression for

µX,t:

µX,t = L∗1Xt|t + L∗2µx,t (2.15)

where

L∗1 ≡ V11 − V12G
∗
1

L∗2 ≡ V12G
∗
2.

The motion of the natural state variables can then be computed from the upper
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block of (1.6) substituting for it, xt, xt|t using (2.13), (2.14) and (2.12) and grouping
terms. This yields

Xt+1 = HXt +MX 1Xt|t +MX 2µx,t + Cuut+1 (2.16)

where

H ≡ A111 +A112G1

MX1 ≡ −A112(G1 +G∗1) +A211 − A212G
∗
1 +B1F

∗
1

MX2 ≡ (A112 +A212)G
∗
2 +B1F

∗
2

Computing the dynamics of the costate variables µx is slightly more involved and

is done separately in the next subsection. Grouping the equations describing the

dynamics of the states (Xt+1) and that of the costates (µx,t+1) in terms of the

primitive elements of the problem we obtain:"
Xt+1

µx,t+1

#
=

"
H 0

0 0

#"
Xt

µx,t

#
+

"
MX1 MX2

Mµ1 Mµ2

#"
Xt|t
µx,t

#
+

"
Cu

0

#
ut+1 (2.17)

Note from (2.17) that the costate variables µx,t+1 do not depend on period t + 1

innovations, i.e. they are measurable with respect to It : µx,t+1|t = µx,t+1. This

observation is useful in the computation of the Kalman filter (see sections 4 and

5).

Finally, using (2.14) and (2.12) in (1.8) we write the measurement equations

in terms of Xt, Xt|t and µx,t as:

Zt = LXt + [N1 N2]

"
Xt|t
µx,t

#
+ vt (2.18)

where

L ≡ D1
1 +D1

2G1

N1 ≡ D2
1 −D1

2(G1 +G∗1)−D2
2G

∗
1

N2 ≡ (D1
2 +D2

2)G
∗
2

To complete the characterization of the solution we need equations for the evo-

lution of objects like Xt+1|t and Xt|t. For the former, taking expectations with
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respect to It of the upper part of (2.17), we obtain:

Xt+1|t = (H +MX 1)Xt|t +MX 2µx,t (2.19)

while for the latter we need to solve a genuine filtering problem. Sections 4 and 5

below show (following Svensson and Woodford, 2003) how to compute the optimal

linear projection for the natural state variables, Xt|t, using the Kalman filter. This
yields the recursive prediction algorithm:

Xt|t = Xt|t−1 +K[L(Xt −Xt|t−1) + vt] (2.20)

where

K ≡ PL0(LPL0 + Σ2v)
−1 (2.21)

and complete the derivation of the solution under commitment. K is called the

(steady-state) gain matrix associated with the Kalman filter while P is the (steady

state) covariance matrix of the one step ahead forecast error in Xt.

2.3. The dynamics of µx

In this section we derive an equation describing the evolution of the costate vari-

ables µx. We start by writing down the Lagrangian corresponding to the Bellman

equation (2.10):

L0 = E0min
Ψτ

∞X
τ=0

δτ
n
Y

0
τWYτ + 2δµ

0
τ+1[A

1Ψτ +A2Ψτ |τ +Biτ + wτ+1 −Ψτ+1]
o

subject to

Yt = C1Ψt + C2Ψt|t + Ci it

The first order condition with respect to Ψt yields:

µt = δA0µt+1|t + C 0WYt|t (2.22)

where

A ≡ A1 +A2

C ≡ C1 + C2

14



Let us partition the matrices C 0WC, C 0WCi and A in blocks that conform to X

and x (as was done with V in (2.6) or F in (2.8)):

C 0WC ≡
"
(C 0WC)11 (C 0WC)12
(C 0WC)21 (C 0WC)22

#

C 0WCi ≡
"
(C 0WCi)1
(C 0WCi)2

#

A ≡
"
A11 A12

A21 A22

#

Recalling that µ0 = [µ0X µ0x], and using the lower block of (2.22) and (1.7) yields:

µx,t = δ
£
A012µX,t+1|t +A022µx,t+1

¤
+ (C 0WC)21Xt|t + (C 0WC)22 xt|t + (C

0WCi)2 it

(2.23)

Equation (2.15) and (1.6) imply

µX,t+1|t = L∗1A11Xt|t + L∗1A12xt|t + L∗1B1it + L∗2µx,t+1 (2.24)

Plugging (2.24) in (2.23) and using it = F1Xt|t + F2xt|t (eqn. 2.8) yields:

µx,t = δA012L
∗
1 ([A11 A12] +B1 [F1 F2])

"
Xt|t
xt|t

#
+ [δA012L

∗
2 + δA022]µx,t+1+

+ {[(C 0WC)21 (C
0WC)22] + (C

0WCi)2 [F1 F2]}
"
Xt|t
xt|t

#

Collecting terms and rearranging yields

µx,t+1 = Σµx,t + Γ1Xt|t + Γ2xt|t

where

Σ ≡ [δA012L
∗
2 + δA022]

−1

Γ1 ≡ −Σ {δA012L∗1A11 + (CWC)21 + [δA
0
12L

∗
1B1 + (CWCi)2]F1}

Γ2 ≡ −Σ {δA012L∗1A12 + (CWC)22 + [δA
0
12L

∗
1B1 + (CWCi)2]F2}
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Using (2.12) to substitute for xt|t yields the law of motion for µx

µx,t+1 = Mµ 1Xt|t +Mµ 2µx,t (2.25)

where

Mµ1 ≡ Γ1 − Γ2G
∗
1

Mµ2 ≡ Σ+ Γ2G
∗
2

2.4. Representing policy in terms of the ”natural” state variables

It is apparent from equations (2.13) and (2.17) that the optimal commitment

policy has an inertial character induced by its dependence on the costate variables

µx. This history dependence of policy under commitment can be alternatively

visualized by a convenient policy representation that disposes of the ”costate”

variables and expresses the control in terms of the natural state variables (Xt).

Let F ∗+2 denote the pseudo-inverse of F ∗2 . Equation (2.13) for it−1 implies:

µx,t−1 = (F
∗+
2 )it−1 − (F ∗+2 F ∗1 )Xt−1|t−1 (2.26)

Using (2.26) and the lower block of (2.17), µx,t = Mµ1Xt−1|t−1 +Mµ2 µx,t−1, we
can rewrite the policy function (2.13) as

it = Υ1it−1 +Υ2Xt|t +Υ3Xt−1|t−1 (2.27)

where

Υ1 ≡ F ∗2Mµ2F
∗+
2

Υ2 ≡ F ∗1
Υ3 ≡ F ∗2Mµ1 − F ∗2Mµ2F

∗+
2 F ∗1

Equation (2.27) offers a representation of optimal policy in terms of observables

that can be convenient if one wants to express the control law in term of observable

objects, i.e. lagged control and states. As noted by Woodford (1999), the optimal

policy under commitment features “persistence”, as captured by the coefficient

Υ1 and Υ3. As is well known, such a feature is pervasive in empirical studies of

monetary policy, and it is sometimes explained in terms of a postulated costly

adjustment of the controls (e.g. interest rates). Under commitment, instead,
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persistence arises naturally from the dependence of policy on the costate variables.

3. Solution under discretion

The algorithm for solving the linear-quadratic problem under discretion when

there is imperfect information is taken from a paper by Svensson and Woodford

(”Indicator variables for optimal policy”, Journal of Monetary Economics, 50

(2003), pp. 691-720), which should be considered the starting point of this work.

We only adapted their notation to fit our analysis under commitment. Essentially,

their algorithm finds the three basic matrices that characterize the solution (F

for the optimal policy, V for the optimal value achieved by the objective function

and G for the rational expectation solution of the forward-looking variables xt)

by iterating to convergence a standard Riccati equation.

4. The standard Kalman filter

As a convenient reference, we report the basic steps in the derivation of a standard

Kalman filter. Let the transition and measurement equations be, respectively,

X̃t+1 = TX̃t + ωt+1 (4.1a)

Z̃t = NX̃t + τ t (4.1b)

where E[ωsτ t] = 0 for all t and s. Define the covariance matrices of the one-

period-ahead and within-period prediction errors by:

P̃t|t−1 ≡ E[(X̃t − X̃t|t−1)(X̃t − X̃t|t−1)0]

P̃t|t ≡ E[(X̃t − X̃t|t)(X̃t − X̃t|t)0]

The covariance matrix of the innovations, Z̃t − Z̃t|t−1, fulfills

E[(Z̃t − Z̃t|t−1)(Z̃t − Z̃t|t−1)0] = NP̃t|t−1N 0 + Σ2τ
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The prediction equations are then:

X̃t|t−1 = TX̃t−1|t−1

P̃t|t−1 = T P̃t−1|t−1T 0 + Σ2ω

and the updating equations are

X̃t|t = X̃t|t−1 + K̃t(Z̃t −NX̃t|t−1)) (4.2a)

K̃t = P̃t|t−1N 0(NP̃t|t−1N 0 + Σ2τ )
−1 (4.2b)

P̃t|t = P̃t|t−1 − P̃t|t−1N 0(NP̃t|t−1N 0 + Σ2v)
−1NP̃t|t−1 (4.2c)

5. Reducing our case to a standard Kalman filter

Below we describe the derivation of (2.20)-(2.21). Define the one-step-ahead fore-

cast errors in Xt and Zt:

X̃t ≡ Xt −Xt|t−1

Z̃t ≡ Zt − Zt|t−1

Let us express the optimal linear forecast ofXt as a function of the new information

at time t (since X̃t is by definition orthogonal to the information at t− 1, this is
the form of an optimal predictor), as follows

Xt|t = Xt|t−1 +K[L(Xt −Xt|t−1) + vt] (5.3)

where the matrix K(npd,nz) has to be determined. Note that (2.17) and (2.18) allow

us to write:

Z̃t = Zt − (L+N1)Xt|t−1 −N2µx,t

= LXt +N1Xt|t +N2µx,t + vt − LXt|t−1 −N1Xt|t−1 −N2µx,t

= L(Xt −Xt|t−1) +N1

n
Xt|t−1 +K(LX̃t + vt)

o
−N1Xt|t−1 + vt

= LX̃t +N1K(LX̃t + vt) + vt
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where we used that µx,t is measurable with respect to the information at t − 1
(see (2.17) and the comment that follows it). The above defines a measurement

equation:

Z̃t = NX̃t + τ t (5.4)

where

N ≡ (I +N1K)L

τ t ≡ (I +N1K)vt

in terms of the innovation as of time t in both the observables and the state

variables. Algebraic manipulation of (2.17) after substituting equation (5.3) for

Xt|t yields

X̃t+1 = TX̃t + ωt+1 (5.5)

where

T ≡ H(I −KL)

ωt+1 ≡ Cuut+1 −HKvt

The equation for the states (5.5) and the measurement equation (5.4) are now

in the form of a standard Kalman filter (see eqns. (4.1) above) and allow us to

derive an optimal predictor of X̃t using (4.2). By the Kalman filter the optimal

(contemporaneous) projection of X̃t on Z̃t, denoted X̃t|t is given by (see Ljungqvist
and Sargent, 2000, Chapter 21)

X̃t|t = K̃Z̃t

where

K̃ ≡ PN 0(NPN 0 + Σ2τ )
−1 (5.6)

where we used the covariance matrices of ωt+1, τ t,

Σ2ω ≡ CuΣ
2
uC

0
u + (HK)Σ2v(HK)0

Σ2τ ≡ (I +N1K)Σ
2
v(I +N1K)

0.
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The matrix P is the covariance matrix of the one-step-ahead forecast error in Xt+1

which, from (5.5), is given by

cov(Xt+1 −Xt+1|t) ≡ P = TPT 0 + Σ2ω (5.7)

We have to find an expression to link K and K̃. Algebraic manipulation of the

state motion for Xt and Zt implies:

K̃ = K(I +N1K)
−1 (5.8)

Substituting the expression for Σ2τ , T and N in (5.6) and plugging the resulting

expression in (5.8) yields (2.21). Substituting for Σ2ω, T and K into (5.7) yields the

corresponding expression for the covariance matrix of the one-step-ahead forecast

error in Xt:

cov(Xt −Xt|t−1) ≡ P = H[P −KLP ]H 0 + CuΣ
2
uC

0
u (5.9)

A related matrix is the covariance matrix of the contemporaneous forecast error

in Xt given by:

cov(Xt −Xt|t) ≡ Po = (I −KL)P (I −KL)0 +KΣ2vK
0 (5.10)

6. The value of the intertemporal loss function [UNDER

REVISION]

Below it is shown how to compute the matrix V and the scalar d that characterize

the quadratic expression of the intertemporal loss function derived in subsection

??.

Under commitment, the optimal value of (1.4) admits a representation of the

form Λ∗t ≡ S 0t|tVcSt|t + dc, where we stack in the S vector all the relevant state
and costate variables, S 0t ≡ [X 0

t µ
0
x,t],and the matrix Vc and the scalar dc are to be
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determined.6 Substituting this expression in (??) we obtain:

S 0t|tVcSt|t + dc = L∗t|t + δEt

©S 0t+1|t+1VcSt+1|t+1 + dc
ª

(6.1)

Our strategy to identify Vc and dc is to expand the right hand side of (??)

using the formulas that define the solution under commitment. In order to do

that, we first need to express targets Y and period losses in terms of St and St|t.
Simple algebra (using (2.13), (??) and (??) into (??)) yields

Yt = C̄1St|t + C̄2(St − St|t) (6.2)

where

C̄1 ≡
h
(C1

1 + C2
1 )− (C1

2 + C2
2)G

∗
1 + CiF

∗
1 (C1

2 + C2
2 )G

∗
2 + CiF

∗
2

i
C̄2 ≡

h
C1
1 + C1

2G1 0
i

and the matrix 0 has zero elements and is conformable to Y and S. This allows
the period losses L∗t|t to be rewritten as

L∗t|t = S 0t|tC̄ 0
1WC̄1St|t + Et

©
(St − St|t)0C̄ 0

2WC̄2(St − St|t)
ª
. (6.3)

Next, let us rewrite the term Et

n
S 0t+1|t+1VcSt+1|t+1 + dc

o
in (??) in terms of

Stand St|t. Substituting (6.3) and (??) into the right hand side of (??) and col-
lecting terms, we obtain a quadratic expression in St|t plus a scalar on both sides
of the resulting equation. Therefore, we derive the following two identities from

which Vc and dc can be computed:

Vc = C̄ 0
1WC̄1 + δ(HH +MM)0Vc(HH +MM) (6.4)

dc =
1

1− δ

£
tr(w1cPco) + δ tr(w2cPco) + δ tr(w3cΣ

2
uu) + δ tr(w4cΣ

2
vv)
¤
(6.5)

where w1c = C̄ 0
2WC̄2, w

2
c = (HH)0(KK)0Vc(KK)(HH), w3c = (KK)0VcKK and

w4c = Vc. Pco is the covariance matrix of the contemporaneous prediction error in

St as defined in (??).

6The computation of losses under discretion is derived in a completely analogous way (basi-
cally replacing the equations for S (state and costate variables) with equations for X ; details
are available from the authors upon request).
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Part II

A Matlab Toolkit

7. Description

This part of the article explains how to install and use a set of Matlab routines

(the ”toolkit” in the following) originally written by the authors while working

on a paper entitled Optimal Control and Filtering in Linear Forward-Looking

Economies: A Toolkit. The latter is available as CEPR Discussion Paper No.

3706 (January 2003) at www.cepr.org.

8. Purpose of the toolkit

The toolkit can be used for two essentially related purposes (see Section 1 above).

The first is to compute the solution of a dynamic linear-quadratic problem

allowing for the possibility that the optimizing agent does not have full knowl-

edge of the state (and/or forward-looking) variables and thus has to solve a signal

extraction problem. We provide algorithms for two solution concepts: the (fully

optimal) ’commitment’ solution and the (Markov perfect) ’discretion’ solution. In

both cases the toolkit first computes the optimal policy under the relevant equi-

librium concept and then solves the resulting dynamic linear rational expectation

model (possibly solving, at the same time, the filtering problem associated with

the presence of imperfect information). The commands used in these cases are

commitment and discretion, respectively.

A second purpose for which the toolkit can be used is to solve a linear (or

linearized) dynamic stochastic general equilibrium model where, again, possibly

not all the state (and/or forward-looking) variables are observed by the agents

whose behavior is encoded in the model equations. The model can be thought of

as the result of specifying a simple policy function in the optimal problem above

or simply as a set of linear equations involving expectations for which we seek a

solution. The command used in this case is simple.

Once the model is solved the toolkit allows you to analyze its properties by

means of impulse responses, variance decomposition, autocovariance and spectral
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analysis, dynamic simulations. Each of these actions is described in Section 15.

9. Installation

This toolkit has been written using Matlab 6.1 (release 12.1), and is therefore

guaranteed to work only when used with this or a later version of Matlab.

• Unzip the distribution file in a directory of your choice (referred to as the
“program directory” in the following). Make sure the directory structure of

the files is preserved by your unzipping software. After unzipping our files,

you should see that the program directory contains all the program files, to-

gether with two ”model directories” named, respectively, cgg and es,which

contain two example models from Clarida,Gal̀ı and Gertler ”The Science

of Monetary Policy: A New-Keynesian Perspective” (Journal of Economic

Literature, 1999) and Ehrmann and Smets ”Uncertain Potential Output:

Implications for Monetary Policy” (ECB working paper, 2001), respectively.

• Our idea in writing the package is that a user should not worry about the files
in the program directory. The only place where he intervenes to customize

the code is in a given model directory. In the following, we illustrate the use

of the toolkit (setting up a model, assigning parametric values, simulating

it, etc.) by using the CGG example.

• The toolkit can be run under a Unix installation of Matlab; in this case
all files and directory names must be kept in lowercase, as done in the

distribution package.

The next sections explain how the toolkit is organized and illustrate the main

tasks performed.

10. HELP commands

There are three key executable files in the toolkit, one for each equilibrium notion:

commitment , discretion and simple. Details on the Matlab syntax to be used for

each of these commands can be displayed on screen by means of the standard

Matlab help function, e.g. > help discretion.
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11. General structure of the toolkit

11.1. Running the toolkit the first time

To run the toolkit the first time in a new Matlab session, the “Matlab Current

Directory” must be the ”program directory”, otherwise Matlab is unable to find

the program files.7 After that, the program directory is added to the Matlab path

(not permanently, only for that Matlab session) so that the toolkit is accessible

independently of the current directory.

11.2. Different ways the toolkit can be invoked

As explained above, there are three types of commands used to invoke the toolkit:

commitment, discretion and simple. Each of them comes in different varieties. In

the following we will illustrate them using commitment as an example. At the

Matlab prompt you can type:

1. commitment(’modelname’) to solve the model called modelname and print

most of the objects that characterize the solution to the screen (the value

function matrix, the Kalman gain matrices, selected second moments of

variables, the loss function value, etc). modelname is the name of the model

you want to analyze (e.g. cgg). The toolkit returns numerical results in

the structured variable8 <modelname> com (where <modelname>, again,

is the name of the model) that is placed automatically in the workspace

of the program from which the toolkit was invoked. See below for further

details on the content of this structured variable (also called the results

variable in the following).

2. commitment(’modelname’, ’action’) to solve the model modelname and per-

forms a specified action after a solution is found. action can be one of the

following:

7One way to overcome this limitation is to add manually (and permanently) the ”program
directory” to the Matlab path.

8A structured variable is a Matlab object consisting of different variables grouped under the
same primary name. Each variable inside a structured object is then identified with a second
name, separated from the primary name by a dot.
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- irf for impulse response analysis

- anova for variance decomposition analysis

- acf for autocovariance and spectral analysis

- simul for dynamic simulation analysis

3. commitment(’modelname’, ’action1’, ’action2’,...) to perform multiple ac-

tions.

4. commitment(’modelname’, ’action1’,..., new settings) to pass to the toolkit

various customizations and/or parameters values (see below for further de-

tails on this).

5. In addition, when called with an output variable as in tmp = commit-

ment(’modelname’) the toolkit runs in batch mode, i.e. with minimal output

(no print-out of the results, no figures etc...) and places the results in tmp

rather that in <modelname> com.

11.3. Output of a typical run

The standard output printed to the screen (which is also echoed to a file named

echo screen.txt in the model directory) includes most of the matrices that char-

acterize the solution: the matrix F associated to the optimal policy (under discre-

tion F relates the controls to the states as in it = FXt, while under commitment

F encodes a relation between the controls and [Xt, xt] called the ”pseudo-optimal”

policy: it = F [Xt xt]); in the discretion case, the standard output includes the

matrix G of the rational expectations solution for the forward-looking variables

xt = GXt and the matrix V associated with the value function Xt0V X
0
t0 (or the

pseudo value function [Xt0, xt0]V [Xt0, xt0]
0 in the case of commitment). Next the

toolkit prints the main matrices involved in the solution of the filtering problem:

the covariance matrix P of the forecast error in the one-step-ahead forecast of Xt,

the gain matrix K of the Kalman filter, and the matrix U that links the innova-

tions in the observable variables [Zt − Zt|t−1] to the revision in the estimates of
Xt. Finally, the output to the screen includes the value of the loss function and

selected blocks of the (unconditional) variance-covariance matrix of the variables

in the model.

Besides printing various objects to the screen, the toolkit also returns the

results of its calculations in the form of a structured variable containing objects
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grouped by categories. For a default run (e.g. solving for commitment/discretion

with no specific additional analysis requested) the results variable (e.g. cgg com

or cgg dis) contains the fields:

errcode an error code (set to 0 if no error)

errmsg an error message (set to an empty string if no error)

in a structure containing all the input quantities

F the matrix associated with the optimal policy function

F 1s (commitment only) the F ∗1 policy component from it = F ∗1Xt + F ∗2µxt (2.13)
F 2s (commitment only) the F ∗2 policy component from it = F ∗1Xt + F ∗2µxt (2.13)
G (discretion only) the matrix associated with the R.E. solution for xt

V the matrix defining the value of the intertemporal objective function

at the maximum (eqns. (2.3) or (2.10))

K the gain matrix of the Kalman filter (eqn. (2.21))

P the cov matrix of the one-step-ahead forecast errors in Xt (eqn. (5.9))

Po the covariance matrix of contemporaneous forecast errors in Xt (eqn. (5.10))

matrices a structure with all the matrices that characterize the model solution

(cfr. section 13 below)

loss ppu the value of the loss function (in per-period units)

loss the value of the loss function

ss a structure containing the model augmented state-space representation

(cfr. section 14 below)

J names a cell array containing the names of the variables in the vector J

vcvJ the covariance matrix of the variables in the vector J
where J is an ”output” vector containing all the relevant variables in the model:

Jt ≡



Xt

Xt|t
xt

xt|t
it

µx,t
Yt

Zt

yt



predetermined vars

estimates of predetermined vars

forward-looking vars

estimates of forward-looking vars

control vars

costate vars

target vars

observable vars

user-defined vars
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The structured variable containing the results is available in the workspace

of the program from which the toolkit was invoked for further manipulation. Its

standard name, if the toolkit is not invoked with an explicit output argument,

will be <modelname> com (or <modelname> dis or <modelname> sim), where

<modelname> is the name of the model. If instead the toolkit is invoked with an

explicit output argument, this information is placed in a variable with that name.

12. A model in the toolkit

12.1. Model directories

A model is fully characterized by two files, the setup file and the param file. They

are stored in the ”model directory” (defined before) to keep them separated from

the program files. The model directory usually contains also some additional files

(five in this version) which store model-specific settings and information needed to

perform specific actions/analyses. These files are not needed in order for a model

to be well defined, but, if some of them are missing, the toolkit will not be able

to perform the corresponding action/analysis on the model. In the CGG model

example (briefly described in section 20), the model directory is called cgg and

the names of the seven matlab files are:
1 cgg setup.m

2 cgg param.m

3 cgg irf.m

4 cgg anova.m

5 cgg acf.m

6 cgg simul.m

7 cgg simpl.m

(other files and a sub-directory called modeldata might be present in each model

directory. Ignore them for the moment.)

Although in the zipped package that we are distributing the model directories

are directly below the ”program directory”, the user can decide to store them

anywhere she wants. By default the toolkit searches in five places: first, in the

”Matlab Current Directory”(this is the directory Matlab is in when the toolkit is

invoked); next, directly below or at the same level (in the directory tree of your

computer) of the ”Matlab Current Directory”; finally, directly below or at the
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same level of the ”program directory”. In all other cases, the toolkit will issue an

error message, saying that it cannot find the model files.

12.2. Setting up a model

The easiest way to setup a model is to copy a model directory from an existing

model (e.g. the CGG model) and then adapt the content therein to suit the

new model. In the following we briefly describe the content of the two main

model files. A necessary complement to the instructions provided below are the

comments included in the files themselves (that help understanding what the code

is doing).

12.2.1. The setup file

In our CGG example this file is called cgg setup.m. It contains the basic infor-

mation about the model (see section 20 for details).

• Here you feed Matlab with the state space formulation (states, forward-
looking, observable and control variables) of your model. This is done by

filling in the matrices of the state space representation:"
Xt+1

xt+1|t

#
= A1

"
Xt

xt

#
+ A2

"
Xt|t
xt|t

#
+Bit +

"
Cu

0

#
ut+1, (12.1)

Yt = C1

"
Xt

xt

#
+ C2

"
Xt|t
xt|t

#
+ Ciit, (12.2)

Zt = D1

"
Xt

xt

#
+D2

"
Xt|t
xt|t

#
+ vt, (12.3)

and by defining the characteristics of the stochastic processes (the matrices

of variances Σ2u and Σ2v). Entries at this stage can be either numbers or

parameters (recommended); specific numerical values for these parameters

will be specified subsequently in the companion param file.

• The intertemporal discount factor of the model must be given the reserved
name ”discount”. This variable must be defined in order for the program
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to run. If your model doesn’t have a discount factor, set discount=1 in the

param file.

• The parameters must be given a name that does not conflict with other
variables defined elsewhere in the program. To this end, we suggest that

you prefix all the parameter names by the letters ’p.’. So, for example, our

recommended definition of a parameter named β is: p.beta; in the CGG

example, we call the variables λy and π
∗ p.lambda y and p.pistar, respectively.

• In the setup file the user also defines the names of all variables: prede-
termined, forward-looking, shocks, target, observables, controls and user-

defined. Once this is done, the toolkit automatically refers to the variables

in the system with those names (for instance when drawing a picture of a

simulation), which makes the program output immediate to interpret.

• When some of the variables are not present in your model, leave the corre-
sponding objects empty. So, for example, in a model without predetermined

variables set npd = 0, pd names = { }, and Sigma2 u = [ ]; for one without
forward looking variables set nfw = 0 and fw names = { }.

• When there is no filtering problem to be solved, simply set nz = 0. The

toolkit will automatically set the other objects involved in the filtering part

of the problem (namely D1, D2, Σ2v and z names) to harmless choices, pos-

sibly overriding whatever the user has specified for them.

• Finally, in the setup file the user specifies formulas for the used-defined
variables she wants to add to the state-space representation of his model.

See below for details on how to construct these variables.

12.2.2. The param file

In our CGG example this filed is called cgg param.m. It specifies the numeric

values of the parameters in your model.

• If your model doesn’t have a discount factor set discount=1.
• Obviously, parameters in this file must be given the same name they have
been given in the setup file. For example, numerical values for λy and π∗

can be given by typing p.lambda y = 0.25 and p.pistar = 0.0.
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• At the end of the file it is possible (and recommended) to make a list of the
parameters you want to see in the figures produced by the program. This

is helpful when working with multiple instances of a model to keep track

of the parameter values used in a particular run (like a simulation or an

impulse response analysis). To this end, fill the cell array ParamNames with

the names of the parameters you want to keep track of (all of them if you

wish so). The toolkit will add a pull-down menu (named Parameters) at the

rightmost top of each figure with the names and the numeric values of the

parameters in this cell array. Thus, suppose you run an impulse response

analysis without measurement error and another one with noise measure-

ment, and save the output figures associated to each of these exercises, this

menu allows you to check (even in future sessions) exactly what parametric

configuration were used to produce each figure.

12.2.3. User-defined variables

The toolkit allows you to define any variable yt that can be written as a linear

combination of the variables in the state space representation of the model and

their expected value next period. This is useful if an economic variable of interest

does not appear in the state space representation of your model (the ex-ante

real interest rate in the CGG example is an instance of this situation). Once

defined, these user-defined quantities will be added to the set of variables routinely

analyzed by the program, meaning that the toolkit will compute their moments

as well as perform, say, simulations or impulse response analysis on them.

The toolkit stores the linear combinations that define the user-defined quanti-

ties in a matrix called userdef. Each row of the matrix encodes a linear combination

(i.e. a user-defined variable). The syntax for filling up the matrix userdef is best

explained via examples. Suppose you want to define a first user-defined quantity

like y(1)t = α ∗X(2)t − 2 ∗ x(1)t|t + β ∗ Z(3)t+1|t, where X(2)t is the second pre-
determined variable, x(1)t|t the estimate of the first forward-looking variable and
Z(3)t+1|t the next period estimate of the third observable variable. Then in the
setup file of your model you will have the following lines:

userdef(1,loc(VARS ,’X(2)’))=p.alpha;

userdef(1,loc(VARS ,’xe(1)’))=-2;

userdef(1,loc(VARS ,’zep1(3)’))=p.beta;
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assuming that p.alpha and p.beta are parameters defined in your model. The

following ”notation” must be used inside the apices to refer to a variable:

Xt becomes X (state vars)

Xt|t becomes Xe (estimate of the state vars)

xt becomes x (forward-looking vars)

xt|t becomes xe (estimate of forward-looking vars)

it becomes ctl (control vars)

µx,t becomes mu (costate vars)

Yt becomes Y (target vars)

Zt becomes Z (observable vars)

Xt+1|t becomes Xep1 (estimate of next period state vars)

xt+1|t becomes xep1 (estimate of next period forward-looking vars)

it+1|t becomes ctlep1 (estimate of next period control vars)

µt+1|t becomes muep1 (estimate of next period costate vars)

Yt+1|t becomes Yep1 (estimate of next period target vars)

Zt+1|t becomes Zep1 (estimate of next period observable vars)

(12.4)

If you then want to add a second user-defined variable containing the contem-

poraneous forecasting error in the third element ofXt (i.e. y(2)t = X(3)t−X(3)t|t)
you will type the following lines:

userdef(2,loc(VARS ,’X(3)’))=1;

userdef(2,loc(VARS ,’Xe(3)’))=-1;
To see other examples of user-defined variables check the setup files of the cgg

and es models.

13. The model solution

A solution for a model consist of several vectors and matrices. As was explained in

section 11.3 the toolkit stores the main objects of the solution (F for the optimal

policy, V for the value function, G for the rational expectation solution of xt under

discretion, together with the filtering matrices K, P and Po) directly in the result

variable (e.g. cgg dis), while the rest of the matrices that characterize the model

solution are collected in a sub-field of it, called matrices (e.g. cgg dis.matrices). In

particular this variable contains the following objects:
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F 1s see equation (2.13)

F 2s see equation (2.13)

G 1 see equation (2.14)

G 1s see equation (2.12)

G 2s see equation (2.12)

H see equation (2.17)

MX 1 see equation (2.17)

MX 2 see equation (2.17)

Mmu 1 see equation (2.17)

Mmu 2 see equation (2.17)

L see equation (2.18)

N 1 see equation (2.18)

N 2 see equation (2.18)

Ups1 (if requested) see equation (2.27)

Ups2 (if requested) see equation (2.27)

Ups3 (if requested) see equation (2.27)

14. The augmented state space representation of a model

As soon as a solution is obtained, the toolkit computes an ”augmented” state space

representation of the model at hand, useful to perform virtually every subsequent

analysis. In such a representation all the relevant variables of your model (the

ones included in the output vector Jt) are expressed as linear combinations of

three ”basic” sets of state variables: Xt, Xt|t−1 and µx,t. Thus, we are going to

rewrite the model in the form:

Qt+1 = bAQt + bBξt+1
Jt = bCQt + bDξt+1

(14.1)

where Qt ≡ [Xt Xt|t−1 µx,t]
0 and the vector ξt+1 ≡ [ut+1 vt]

0 contains the
random components of the original state space representation. The matrices bA,bB, bC and bD (together with Σ2ξ , the var-cov matrix of ξt) are available in a field

named ss in the results variable.
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15. Specific actions and analyses

In addition to the standard output, the solution of the model can be further

studied by means of (1) impulse response analysis, (2) variance decomposition

analysis, (3) calculation of the autocovariance functions (or power spectra) of the

variables and (4) stochastic simulations. For each of these actions there exist a

file in the model directory that specifies how the analysis needs to be carried out.

For instance, in an impulse response analysis you plot the effect of a shock εi

on a variable Ri. You must therefore instruct the toolkit about the shock to be

considered as an input (the εi) as well as the response variable(s) you are interested

in (the Ri). In the following we explain the content of these files in some detail.

As for the main model files, the user should look at the Matlab files themselves

where several comments explain the operations performed by the code.

15.1. Impulse Response Analysis

To see an example of this action, run the command

commitment(’cgg’, ’irf’)

The file ’modelname’ irf.m encodes the instructions needed to perform impulse-

response analysis.

• The model is assumed to be in its augmented state space form (14.1).

• Two types of impulse-responses can be computed: ”shock impulse-responses”
and ”state impulse-responses”. The difference is whether the unitary im-

pulse at time zero has to be given to a state variable Qt or to a shock variable

ξt. The choice between these two modes is governed by the variable ifr sk st.

For example, ifr sk st=’state’ selects the state impulse-response.

• The impulse is assumed to be equal to 1 and to arrive at t = 0. From

t = 1 onward, the impulse is assumed to be identically equal to zero. The

time window displayed in the figure is controlled by the vector irfT (e.g.

irfT = [0:12] displays the first twelve periods).

• The toolkit allows you to compute the impulse-response relative to any entry
of the vector ξt (or the vector Qt if you are analyzing a state impulse-

response). This is done in two steps:
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1. first, you list the shocks (or states, in the case of a state impulse-

response) for which you might be interested to study a response, giving

it a name. To do so, set the entries of the cell array irf sk name (or

irf st name). Notice that this array is indexed by the elements of the

ξt vector (or Qt). Therefore, if you want to see the response to a shock

to the second component of ξt, which corresponds to a cost-push shock

in the CGG model, you will write: irf sk name{2} = ’cost push shock’.
2. next, you have to decide whether to actually compute all of the impulse-

responses previously set up or only a subset of those; to do so, list in the

vector irf sk selected (or irf st selected) only those integers that corre-

spond to the impulse-responses you are interested in. For instance, you

can modify the CGG example and ask the code to visualize the effects

of three impulses (the default file focuses on the cost push shock only).

You may choose to visualize impulses to e.g. the second, third and

fourth elements of ξt, corresponding respectively to a cost-push shock,

a demand shock and a measurement error in potential output. To do

so give these shocks a name and then simply type: irf sk selected = [2

3 4].

• To tell the toolkit which of the variables in the output vector Jt you want
to see in the impulse response plot fill the vectors irf ’varsname’, one for

each type of variables in Jt. For example, to see only the first and second

user-defined variables set irf ud = [1 2].

• The numerical values of the impulse-responses are available in the matrix
Jresponse in the results variable. Along the first dimension Jresponse con-

tains the variables of the output vector Jt, while the time periods are along

the second dimension. If you ask the toolkit to compute more than one

impulse-response (i.e. irf sk selected has more than one entry), these will be

aligned along the third dimension of Jresponse.

• Notice that the parameters specified in the param file appear in a scroll-down
menu at the top of each impulse response figure.
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15.2. Variance Decomposition

To see an example of this action, run the command

commitment(’cgg’, ’anova’)

The file ’modelname’ anova.m encodes the specifications needed to perform

the variance decomposition analysis.

• The variance decomposition analysis tells you what part of the variance of
a variable is due to the effects of a particular shock. The analysis can be

performed on the variance of the j-step ahead prediction error or on the

unconditional variance of the variable. The model file thus requires the

user to specify what variances (or covariances), horizon(s) and shock(s) to

consider.

• The choice of which horizons to consider is done by means of the variable
anova horizons. For example anova horizons = [4,inf] instructs the toolkit to

compute the variance decomposition for the 4-step ahead prediction error

and for the unconditional variance (coded with inf since it is also the variance

of the prediction error at infinity) of the variables involved.

• The choice of which shocks you want to be analyzed is controlled by the
variable anova by sk, which selects elements from the vector ξt ≡ [ut vt−1]0

containing the random components of your model. For example in the CGG

model, anova by sk =[1:3] instructs the toolkit to analyze the variance de-

composition with respect to the three structural shocks of that model.

• A third and final step involves selecting the second moments to be analyzed.
Detailed instructions on how to do this are provided in the examples model

files (cgg anova.m or es anova.m).

• Other commands in the model file allow you to instruct the toolkit whether
or not to store the numerical output in the results variable (only figures are

produced in this case) or to plot the results using 3d pictures (instead of 2d,

provided no more than one horizon is specified).

• The output is printed on screen using tables (if only one horizon is specified)
and figures (both can be switched off if desired).
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• The numerical values of the variance-covariance matrices are available in a
field called anova in the results variable. The main objects in this field are

PEVar h and PEVar h sk. PEVar h is a three dimensional object containing

the Prediction Error Var-cov matrices at each horizon (the first and sec-

ond dimension of PEVar h contain the variables of the Jt vector, the third

contains the horizons selected in anova horizons). PEVar h sk is a four di-

mensional object containing the Prediction Error Var-cov matrices at each

horizon and each shock (the first and second dimension of PEVar h k con-

tain the variables of the Jt vector, the third contains the horizons selected in

anova horizons and the fourth index the shocks selected in anova by sk). The

horizons numbers can be found in horizons h, while the names and numbers

of the shocks are in sk names and sk indeces, respectively.

• Notice that the parameters specified in the param file appear in a scroll-down
menu at the top of each figure.

15.3. Spectral Analysis and Covariance Functions

To see an example of this action, run the command

commitment(’cgg’, ’acf’)

The file ’modelname’ acf.m encodes the specifications needed to perform the

calculation of autocovariance functions and power spectra.

• The autocovariance function of a stochastic process {xt} is defined asACFx,x(j) =

E{(xt−Ext)(xt+j−Ext+j)}, its power spectrum is Sx,x(ω) =
P∞

j=−∞ACFx,x(j) e
−iωj.

Similar quantities can be defined with respect to (the cross second moments

of) two processes {xt} and {yt}. Accordingly, the toolkit can also calculate
covariance functions, i.e. ACFx,y(j) = E{(xt − Ext)(yt+j − Eyt+j)}, and
co-spectra, Sx,y(ω) =

P∞
j=−∞ACFx,y(j) e

−iωj .

• The choice of whether to calculate the (auto)covariance functions or the
(co)spectra is done via the variable acf or spectra. They basically encode

the same information about the second moments of the model variables.

• Detailed instructions on how to select the second moments to be analyzed
are provided in the examples model files (cgg acf.m or es acf.m).
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• The numerical values of the autocovariance analysis is available in the matrix
ACF in the results variable. This matrix always contains all the variables

in the output vector Jt (irrespective of which second moments the user has

selected). The first two dimensions of ACF refer to the variables in the

output vector Jt, while the third one refers to the time displacement j in

the definition of the (auto)covariance function.

• The numerical values of the spectral analysis is available in two matrices
Spectra (for the real part) and Spectra imag (for the imaginary part) in the

results variable. These matrices always contain all the variables in the out-

put vector Jt (irrespective of which second moments the user has selected).

The first two dimensions of these matrices refer to the variables in the out-

put vector Jt, while the third one refers to the frequency ω in the definition

of the power (co)spectrum. The third dimension always contains 100 entries

which partition the interval [0, π] in 100 equally spaced points.

• Notice that the parameters specified in the param file appear in a scroll-down
menu at the top of each autocovariance or spectra figure.

15.4. Stochastic Simulations

To see an example of this action, run the command

commitment(’cgg’, ’simul’)

The file ’modelname’ simul.m encodes the specifications needed to perform

a dynamic simulation of your model.

• The time length of the simulation is set via the scalar SL. The two scalars,
time0 timeT, define respectively the time window to be visualized in the

simulation pictures.

• You can choose to perform simulations using always the same sequence of

shocks (simul type =’fixed shocks’) or a new random sequence every time

(simul type = ’rnd shocks’).

• Initial conditions for the state vector (and its estimate) are encoded in the
vectors X init and Xe init. Usually these vectors are set equal to the uncon-

ditional means of the respective variables (usually a vector of zeros if the
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variables in your model are in deviation from their steady states and the

model does not have a constant; [1 zeros] if a constant has been coded as

the first state variable of your model).

• To tell the toolkit which of the variables in the output vector Jt you want to
see in the simulation plots just fill the vectors simul ’varsname’, one for each

type of variables in Jt. For example, simul pd = [2 3] means that you want

to see simulation plots for the second and third state variables. Notice that

the plots relative to state and forward looking variables will automatically

display both the ’true’ and the ’estimated’ values for these variables.

• We provide the possibility to build simulation plots showing any conceivable subset
of the variables in your model. This is done using the cell array simul udplot.

Each cell in the array contains the names of the variables that enter each new

plot. Be sure to provide the corresponding legend and title of the plot just

created in the corresponding elements of the cell arrays simul udlegend and

simul udtitle (example: we construct a plot with three variables in the CGG

model: estimated potential output, estimated inflation and the potential

output indicator).

• The numerical values of the simulated variables are available in a dedicated
field called simul in the results variable. This field contains several matrices

named according to table (12.4) above (i.e. X, Xe, x, xe, ctl, mu, Y, Z,

Xep1, xep1, ctlep1, muep1, Yep1, Zep1). The shocks used to generate the

simulation are in two matrices called u (for the shocks in equation 12.1) and

v (for those in 12.3), while the user-defined variables are in the matrix y.

Each of these objects will be a two dimensional matrix, having on the first

dimension the variables in that grouping, and on the second dimension the

time periods.

• Notice that the parameters specified in the param file appear in a scroll-down
menu at the top of each simulation figure.

16. Solving a model using simple

To see an example of this action, run the command
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simple(’es’)

We can ask the toolkit to solve for the dynamics of the system given by

eqns (12.1) and (12.3) disregarding the target variables defined in eqn (12.2)

and the associated maximization problem. In this case, the control variables

it are exogenously assigned a control law which, in the toolkit, is allowed to be

a function of Xt|t, xt|t, Xt+1|t and xt+1|t (such control law is specified in the file
<modelname> simpl.m).With this, the toolkit tries to solve the resulting R.E.

system (which might have one, infinitely many or no solutions) and calculates the

dynamics of all the variables as a function of the states. A slight variation of this

setup consists in specifying no target variables and setting the simple rule for it to

be identically null. Now the dynamical system to be solved reduces to a standard

linear R.E. system"
Xt+1

xt+1|t

#
= A1

"
Xt

xt

#
+A2

"
Xt|t
xt|t

#
+

"
Cu

0

#
ut+1,

which can be solved using standard available algorithms. The filtering problem

possibly associated to this case is similar to the one that arises under commitment

or discretion and is solved in the same way.

17. Customization and default settings

The toolkit is an highly flexible program. Its behavior can be customized in

many dimensions by changing the default choices we have implemented in the

distribution package.

Generic vs Model-specific customizations: A first set of generic settings can

be found (and modified) in the file settings default.m. These are settings

that affect the general behavior of the toolkit (things like the accuracy used in

calculating convergence, the standard title of the figures produced, etc...). A

second set of settings, which we judged to be more ”model-specific”, have been

grouped by argument and can be found (and modified) in the corresponding model

files: here the user can set things like the length of a dynamic simulation, which

variables to analyze in a IRF or in a variance decomposition exercise, the number

of lags to plot in auto-covariance plot etc ...

Permanent vs. One-time customizations: As explained above, by changing
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some lines in settings default.m or in the model files the user can change the

behavior of the toolkit for all subsequent runs. But it is also possible to change

the behavior of the toolkit in just one particular run, leaving all the settings

unaltered in subsequent runs. To do so the toolkit must be invoked with an

additional argument after the string(s) that specify the action(s) to be performed.

Consider the following example:

commitment (’cgg’, ’irf’, ’anova’, [...] , my settings)

Here the additional argument my settings (you can use any name you want) is

a structured variable whose fields tell the toolkit which part of the default settings

needs to be changed in this particular run. This variable can have many fields:

• All the parameters that are set in the param file can be changed by cre-
ating a field called ”p” in my settings and then giving the parameter you

want to change as a subfield. For example, in the CGG model we studied

how the welfare gains of commitment relative to discretion change as the

degree of persistence of the cost shock varies; to vary the latter we used

my settings.p.rho = x (where x is the desired value). Similarly, in the ES

model we studied how the welfare gains of commitment change relative to

discretion when we vary the degree of policy inertia (usingmy settings.p.nu = x,

where nu is the interest adjustment weight in the loss function) and the de-

gree of forward-lookingness of the economy (using my settings.p.alpha = x,

where alpha is the degree of backwardness in the inflation equation).

• All other model-specific settings in the various model files needed to per-
form specific actions/analyzes (e.g. cgg irf.m, cgg anova.m, cgg acf.m,

cgg simul.m and cgg simple.m) can be changed by creating a field called

as the action/analysis itself in my settings and then giving it the variable you

want to change as a subfield. For example, my settings.acf.acf or spectra=’spectra’

instructs the toolkit to compute the spectra (as opposed to the autocovari-

ances) in this particular run. Likewise my settings.anova.anova by sk = -1

forces the toolkit to compute a full shock decomposition.

• All the generic settings that are found in settings default.m can be changed
by creating the appropriate field inmy settings and then assigned a new value

(again, see the two multiple experiments.m files and settings default.m

to see what are the fields that can be controlled). For example, my settings.
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computations.compute vcv = ’no’ instructs the toolkit not to compute the

var-cov matrices. Or my settings.output.echo screen file = ’no’ instructs the

toolkit not to save the output in a .txt file. The full list of variables that

are set in settings default.m is given below, with a brief description of

what they control. Refer to the comments in settings default.m itself for

a more exhaustive explanation:

Name Description Default values

Computation-related switches

tolerance tolerance used in establishing convergence 1e-8

maxit max. number of iterations in convergence 1e4

compute nat repr compute ”natural” repr. of optimal policy? ’no’

compute vcv compute var-covar matrices? ’yes’

syl calc method preferred method to solve Sylvester eqns ’iterations’

ricc calc method preferred method to solve Riccati eqns ’iterations’

re solver method method to solve R.E. systems (for ’simple’) ’qz’

write datafiles write datafiles to disk? ’no’

Output-related switches

screen output send output to the screen? ’yes’

echo screen file name of the screen output file ’echo screen.txt’

all sol matrices include all solution matrices in output? ’yes’

filter output print to the screen the filtering matrices? ’yes’

draw figures draw figures? ’yes’

Figures-related switches

title IRF figure figure title −
title ACF figure figure title −
title ANOVA figure figure title −
title SIMUL figure figure title −
thin lines thickness of thin lines in the plots 1.0

thick lines thickness of thin lines in the plots 2.0

small fonts font size for small printings 8

big fonts font size for big printings 9

• Any other conceivable thing can be done by creating a field called ”commands”
in my settings and then giving the command string you want to be exe-
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cuted as a subfield. This field is actually an array so you can stack any

number of commands in it. Suppose you want to perform some extra

checks or side calculations in particular runs of your model. Then using

my settings.commands{1} = ’check uniqueness;’ you instruct the toolkit to

execute the external program check uniqueness.m for that run. These

commands are executed right after the setup file has been read.

18. Running multiple experiments (batch mode)

Suppose a user wants to analyze how its model solution vary when some parameter

values are changed. To do so he needs to run the toolkit several times, changing

the inputs and saving the relevant output from each run. This can be done

efficiently by setting up a script file (an .m file) in which the toolkit is invoked

using the customization variable described in the previous section as an additional

argument as follows:

commitment (’cgg’, ’irf’, new settings)

In the structured variable new settings the user defines which part of the input

to her model needs to be changed. Then, after each run, she will simply collect

the relevant output in separate variables for future analysis. An example of this

technique is implemented in the various files exercise 1.m, exercise 2.m, etc...

in the cgg and es model directories. To see an example of this feature type

(either from the directory cgg or es)

exercise 1 or exercise 2

These files contain commands to invoke the toolkit several times, each time

with a different parameter configuration. Some time-saving instructions tell the

toolkit not to print the usual output on screen each time it runs, nor to save it in

a txt file, etc... (see the .m files for details).

19. Errors

If an error is encountered during a run, the toolkit will abort the execution and

switch to ’Debug mode’. This means that the next time an error is encountered,

the program will open the editor and show the line of code that caused it without

aborting execution; from then on, you will be in a debug session (the prompt
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will change to K>>). This is convenient because there you can inspect variables

definitions and values, evaluate commands and so on. Most of the times this is

enough to figure out a fix. To exit a debug session type dbquit at the K>> prompt

or use the commands in the ’Debug’ pull-down menu. After a successful run, the

program will switch out of ’Debug mode’.
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Part III

Applications

20. A “new synthesis” model (Clarida-Gal̀ı-Gertler)

In this section we describe the setup of the first model pre-coded in the distribution

package (it is in the sub-directory named cgg). It is a version of the sticky-price

framework developed, among others, by Woodford (2000) and Clarida, Gali and

Gertler (1999). In this framework output (yt) and inflation (πt) are determined,

respectively, by a “dynamic IS” curve and a “Phillips curve”, according to:

yt = yt+1|t − σ[it − πt+1|t] + gt (20.1a)

πt = δπt+1|t + k(yt − ȳt) + ut (20.1b)

where ȳt denotes potential output as of period t (i.e. the output level that would

obtain under flexible prices), it the nominal interest rate, gt a demand shock and

ut a cost-push shock. The output gap is defined as the difference between actual

and potential output: yt − ȳt.

Following Clarida, Gali and Gertler (1999, CGG henceforth), we assume the

economy is subject to three types of shocks: demand (gt) and cost-push shocks

(ut) and potential output shocks , ŷt . They obey the following processes:

ȳt = γȳt−1 + ŷt 0 < γ < 1; (20.2a)

gt = µgt−1 + ĝt 0 < µ < 1; (20.2b)

ut = ρut−1 + ût 0 < ρ < 1; (20.2c)

where the innovations ŷt+1, ût+1 and ĝt+1 are iid. Let us assume the measurable

variables are given by:

ȳot = ȳt + θȳt (20.3a)

yot = yt + θyt (20.3b)

πot = πt + θπt (20.3c)
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where the measurement errors θjt are iid. Finally, let the central bank period loss

function be:

Lt ≡ 1
2

£
(πt − π∗)2 + λy(yt − ȳt − x∗)2

¤
(20.4)

which allows us to encompass some special cases of interest, as done theoretically

by Clarida, Gali and Gertler (1999).

20.1. System representation

The CGG model (20.1) can be represented in state space form as:9
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δ

0 k
δ

−1
δ

0 −k
δ

1
δ


| {z }

A1



1

ȳt

ut

gt

yt

πt


+



0

0

0

0

σ

0


| {z }

B

it+

"
Cu

0(nfw,nsk)

# ŷt+1

ût+1

ĝt+1


| {z }

ut+1

A2 = 0 and Cu =

"
0

I3

#
. yt and πt are forward looking variables and the other four

variables in the left hand side vector are natural (predetermined) state variables.

The quadratic period loss function can be written as:

Yt ≡
"

πt − π∗

yt − ȳt − x∗

#
=

"
−π∗ 0 0 0 0 1

−x∗ −1 0 0 1 0

#
| {z }

C1



1

ȳt

ut

gt

yt

πt


+

"
0

0

#
| {z }

Ci

it

W ≡ 1/2

"
1 0

0 λy

#

9This exact model is coded as a working example in our matlab package. The interested
reader can immediately see the mapping between the formulas in this section and the setup file
cgg setup.m.
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and C2 = 0.

The setup is closed by the specification of the measurement equation:

 ȳot
yot
πot

=
 0 1 0 0 0 0

0 0 0 0 1 0

0 0 0 0 0 1


| {z }

D1



1

ȳt

ut

gt

yt

πt


+

 θȳt

θyt

θπt


| {z }

vt

and D2 = 0.

21. An ”unobserved productivity” model (Ehrmann-Smets)

(TO BE COMPLETED AND REVISED)

In this section we describe the setup of the second model pre-coded in the dis-

tribution package (it is in the sub-directory named es). In this example economy,

a main difference with the standard CGG model is that the structural equations

have both a forward-looking and a backward-looking components, as proposed,

among others, by Ehrmann-Smets (2003). The main structural equations are as

follows:

yt = δyt−1 + (1− δ) yt+1|t − θ
¡
it − πt+1|t

¢
+ up,t (21.1a)

πt = απt−1 + (1− α) πt+1|t + κ (yt − yt) + uc,t (21.1b)

ȳt = ρȳt−1 + uy,t (21.1c)

where πt, yt, ȳt and it denote, respectively, inflation, output, potential output and

the nominal short term interest rate.

Following Ehrmann-Smets (ES henceforth), we assume the economy is subject

to three structural i.i.d. innovations with covariance matrix Σ2u: a preference

shock up,t, a cost-push shock uc,t and a potential output shock uy,t. Finally, let

the central bank period loss function be:

Lt ≡ 1
2

£
λ(yt − ȳt − x∗)2 + (πt − π∗)2 + ν(it − it−1)2

¤
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21.1. System representation

The model can be represented in the state-space formulation:"
Xt+1

xt+1|t

#
= A1

"
Xt

xt

#
+A2

"
Xt|t
xt|t

#
+Bit +

"
Cu

0

#
ut+1

where the vector X 0
t ≡

h
yt−1 πt−1 yt up,t uc,t it−1

i
and x0t ≡

h
yt πt

i
de-

note, respectively, predetermined and non-predetermined (forward looking) vari-

ables at time t , u0t ≡
h
uy,t up,t uc,t

i
the vector of fundamental shocks and it

is the instrument controlled by the central bank.

The observables are stacked in the vector Zt ≡
h
yot πot

i
according to:

Zt = D1

"
Xt

xt

#
+D2

"
Xt|t
xt|t

#
+ vt

and target variables are collected in the vector Yt ≡
h
yt − yt πt it − it−1

i
:

Yt = C1

"
Xt

xt

#
+ C2

"
Xt|t
xt|t

#
+ Ciit

Mapping the model (21.1) into this formulation yields the following matrices

(where ξ ≡ (1− α)(1− δ)):

A1 =



0 0 0 0 0 0 1 0

0 0 0 0 0 0 0 1

0 0 ρ 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

− δ
1−δ

αθ
ξ

−θκ
ξ
− 1
1−δ

θ
ξ

0 1−α+θκ
ξ

− θ
ξ

0 − α
1−α

κ
1−α 0 − 1

1−α 0 − κ
1−α

1
1−α


,
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A2 = [0] , B =



0

0

0

0

0

1
θ
1−δ
0


Cu =



0 0 0

0 0 0

1 0 0

0 1 0

0 0 1

0 0 0



D1 =

"
0 0 0 0 0 0 1 0

0 0 0 0 0 0 0 1

#
D2 = [0]

C1 =

 0 0 −1 0 0 0 1 0

0 0 0 0 0 0 0 1

0 0 0 0 0 −1 0 0

 C2 = [0] Ci =

 00
1



W =

 λ 0 0

0 1 0

0 0 ν


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