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Simple example 2, forward-looking model
Phillips curve
T — T = 6T — ) + KT +
where
T = E[m]
“Cost-push shock”
Up = PUr—1 + €, 0<p<l
Aggregate demand
Ty = Ty — 0 (i — T — T)

Loss function

) (1-0)6""L,
s=t
L, = %[(TFS — 7T*)2 + Mxs — :E*)Q]
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State-space form

Predetermined variables, X;: uy, 1,
Forward-looking variables, z;: 7, x4,
Instrument: i,

Target variables, Y;: ¢, x4,

Target levels, Y: ozt
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Simplify model (7; not target variable, separate): Consider x; the instrument, drop (3) and ¢,
When x4, 2441, 711 have been determined, use (3) to find i,

e Predetermined variables: u;, 1
e Forward-looking variable: 7,
e Instrument: x;

e Target variables: 7, ;
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e Optimal policy under commitment, starting in period ¢t = ¢

Lagrangian
S — 1 * * —
L, = Ey, Z(l—5)5t fo {§[<7Tt — 1)+ My — %)) + S[0(mpr — )+ Kxy Fup — T AT
t=ty
4)
First-order conditions (¢ = ty):
Ty, — T — 2 = 0,
My, — %) + k=, = 0,
(t > to+ 1)
7Tt—7T*—Et+Et,1 = 0, (5)
Moy —a")+rZ =0 (6)
Introduce
Etg—1 =0 (7)
Then (5), (6) and (7) are FOCs for ¢ > 1.
5
— Eliminate multipliers, “consolidated” first-order condition (targeting rule)
Fort = t;:
Tty — T+ E(mto - $*> =0
Fort >ty + 1:
LA
T — T+ ;(xt —x11) =0 (8)
Unconditional mean
) " A
™= = E[T('t] - T = — E (E[l’f] — E[l’t_lb =0 (9)
Substitute (5) and (6) into (1), use (9): Difference equation for =; for t > ¢
- - 1 1 K
Sprilt — 202 + g:t—l = - gut - 337 ; (10)
1 K2
2a=1+ -+ —
¢ 5o

Initial condition (7) (=; predetermined variable)
(Alternative: Use (6) to eliminate =;; derive difference equation for x; for ¢ > 0, with
“artifical” initial condition x4, = z*.)




e One solution method (lag operators)

— _ _ 1 K
Sepie — 202 + g:t,l = — Sut — ga:
Unconditional mean (assume stationary solution)
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Characteristic equation,

1
ILLQ—QCLM—FEZO,

(11)

e Two roots (eigenvalues), 1, = ¢,0 < c =a — {/a? —% < 1, and
,uzzé,suchthat()<u1:c<1<%<,u2=%

E, [(L (L — é)m _ Af]
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Er [(1— cL)(1 — 6cL 1= = — deAy]

E [(1 —cL)(L7 = )5, = At]

= 1 S
Et [(1 - CL).:t = — 5sz4t = —dc ;(50) AtJrS
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e Solution

-z = cZ(5c)sut+s|t + (51— 2)
s5=0
C —_ —
1 6c,out oS —8)
I
_ s o H—l—tUE
1— 50p§c Hims = €
Use (12) in (5) and (6):
c
-7t = —(1—-¢)(Z1— =
Tt m 1_5cput ( C)( t—1 )
. t—1—t,
=1 5o u — (1 —c¢) ; 1| + (1 —c)dh=
K K

Ty = — Xmﬂt — XC(:t_l — :)

t—ty
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= —— CUi_s + —C 0=
Al—écpgo T

(12)

(13)

(14)
(15)

(16)

e No average inflation bias, E[r;] = 7*

e History-dependence
e “tp-optimality”: Dependence on ¢, one-time surprise
— Woodford 03, Svensson-Woodford 05: “optimality in timeless perspective”
(ty — — 00)
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e [nterest rates
Rewrite IS equation, substitute

I =T+ T + ;(%H\t — ) (17)
Combine with (8)
W =Tr+m ——(7 -
t t+1t )‘J,i t+1t )
T+ ( )\U)(Wtﬂn ™)
K c
=7r+7 +(1—— w— (1 —c)(=Z—=
1= |- - aE -]
Ao 1 —dcp ! -
— Indeterminacy problems, 7; exogenous, see Svensson-Woodford 05
)
e Discretion
Optimizing in period ¢ = %
First-order conditions for ¢t = ¢;:
7Tt0 — 7T* — Eto = 0,
My, —x%) + k=g, = 0,
Fort >ty + 1:
7'('75—71'}’< _Et+Et—1 = O, (18)
Moy —a")+RrZ =0 (19)
Optimizing in period ¢t =ty + 1
First-order condition for t = ¢y + 1:
Tto+1 — 7T* - Eto—‘—l = 0,
>\(:Ct0+1 - x*) + HEtu+1 - 07
Fort >ty + 2:
7Tt—7T*—Et+Et,1 = O, (20)
May —x")+ k= = 0 (21)

— “Surprise” in period t. Reoptimize in period ¢ + 1, “surprise” also in period ¢ + 1.

12




Anticipate first-order conditions for all £ > t:
Ty — T - Et = 0,
May — ") + k= = 0,
Eliminate =;, consolidated first-order condition
A
T — 7+ —(xy—a") =0
K

— Steady state

m=E[m]=7"— %(E[a:f] —of)=71"+—x

Average inflation bias, E[r,] > 7%, if 2* > 0

Use (24) and (25) to eliminate 7; in (1)
oA K

Solve forward

- oA\’
%::_A+#§:(x+#>u”w
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(22)
(23)

(24)

(25)

Resulting 7, 4

* * A
T Y T NI —op)

Uy

i = T+ T+ g(xmu — I4)
A
K24+ A1 —dp

A
=74+ +—x"+ pU;
K )

() — )
—(— Uy — U
o K2+ A1-4dp) ple =t
- * )\* /\p—i_(l_p)’{/g
=r+mn +Kx + 2+ M1 —0p)
Corresponds to inefficient discretion equilibrium

Uy

— Average inflation bias, m > 7", if z* > 0
— Stabilization bias, different response coefficients to u;

— No history-dependence
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e Discretion, alternative: Follow dynamic-programming algorithm (“Optimization...”)
Viu) = H;:m{é[(m — )2+ Moy — %)) + OBV ()}
subject to (1) and

M1 = go + G141, (26)
where

1
V(up) = v + viug + §Uguf

and where the coefficients gy, g1 and vy, v1, V2 remain to be determined.
Note simple case since essential predetermined variables are exogenous (not generally the
case).
By (1) and (26), we have
Ty — T = KTy + €X0genous.

Hence, simple first-order condition

k(my — )+ Nay — 2¥) = 0. (27)

Combine with (1), (2), and (27), solve for

e = fo+ frw

Tt = go + g1,
and ldentlfy an fla 9o, g1-

15
e Suppose
re=T+w(l1—7T)+n, 0<w<1.

Does not affect 7y, x+, only 7; (as long as i, is not a target variable)
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e Suppose current inflation and the output gap is predetermined and determined one period
ahead:
T — T = 0Ty — T) + KTy + U1y
Tiy1 = Ty — O (Gp1)e — Topo — )

Assume same loss function as before.
Assume

T = Tye—1 + Ut — Ugfe—1

Tt = Tyjt—1 Ty
Introduce

2
|

= Tyt
Tt = Tip1)t

&
I

= Uy1)t

U = g

Solve in terms of 74, Iy, Uy and i, then infer 7y, x; and i; (assume 4y = 4,1 = %1 if iy
not target variable)

e “Taylor curves” (distinct from “Taylor rule”): Var[m;| and Var|[z,| as function of A > 0
(recall ¢ = ¢()))
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Inflation variability

Note
: o s—t _
1
E[Lf] = iE[(ﬂ-f - 71'*)2 + )\(Zlff — x*)z]

= %{Var[ﬁt] + (E[my] — 7*)? + AVar[z,] + A(E[z,] — 2*)*}
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In situations without inflation bias and z* = 0,
1
E[L;] = §(Var[7rt] + AVar[zy])
Under commitment, § = 1, Var[r| increasing in \, Var[z;] decreasing in A
Compute Var[m;| and Var[z;| above, under commitment and discretion, as function of \,
for given p and o2

e Sum up
— Predetermined and forward-looking variables
— State-space form
— Solution model
— Special case here: Predetermined variables exogenous
— Discretion/commitment equilibria different
* Average inflation bias
* Stabilization bias (response coefficients)
* History-dependence (response to lagged predetermined variables)
— Taylor curves

20
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