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9. Monetary policy in a liquidity trap
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1. Money and inflation

The Cagan model of money and prices (Obstfeld-Rogoff 96, sect. 8.2)

Variant of classic model of Cagan (1956) for study of hyperinflations (at least 50%/month, 1.512 ≈
130=13,000%/yr)

Hyperinflations in Austria, Germany, Hungary, Poland, Russia after WWI; Greece, Hungary (max

19,800%/m) after WWII

(Bolivia 23,000% Apr 84-July 85).

Cagan: adaptive expectations. Here: rational expectations

Simplest possible model of money and prices, flexible prices, no effect on real economy (considered

exogenous).
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Traditional money-demand equation (LM equation)

Md
t

Pt

= L(
+

Yt,
−
it)

Fisher equation (preliminary), perfect foresight (it, rt interest rates from period t to t+1; it+1, rt+1
in O-R)

1 + it = (1 + rt)
Pt+1

Pt

Fisher equation, uncertainty, log approximation

ln(1 + it) = ln(1 + rt) + pt+1|t − pt,

where pt+τ |t ≡ Etpt+τ .
Hyperinflation, flexible prices, inflation expectations pt+1|t − pt dominate.

Assume Yt and rt constant. Assume log form (constant elasticity) of money demand (normalized)

md
t − pt = −η(pt+1|t − pt)

(md
t ≡ lnMd

t , η > 0 (semi)elasticity of real money demand w r t inflation expectations).

Assume exogenous (log) money supply stochastic process, mt.

Equilibrium

md
t = mt

3

• Equation for (log) price level
mt − pt = −η(pt+1|t − pt)

Rewrite:

pt =
1

1 + η
mt +

η

1 + η
pt+1|t (1)

Price level forward-looking variable (non-predetermined variable, jump variable), depends on pre-
determined variable (mt) (“fundamentals”) and expectations about future price levels.

• Solve forward
pt =

1

1 + η
mt +

η

1 + η
Etpt+1

=
1

1 + η
mt +

η

1 + η
Et

∙
1

1 + η
mt+1 +

η

1 + η
Et+1pt+2

¸
=

1

1 + η

µ
mt +

η

1 + η
Etmt+1

¶
+

µ
η

1 + η

¶2
Etpt+2

= ...

=
1

1 + η

T−1X
τ=0

µ
η

1 + η

¶τ

Etmt+τ +

µ
η

1 + η

¶T

Etpt+T

(where EtEt+1pt+2 = Etpt+2 by the law of iterated expectations).
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Assume

lim
T→∞

µ
η

1 + η

¶T

Etpt+T = 0 (2)

(that is, the (absolute value of the) log price level does not increase exponentially at the rate 1+η
η

or more indefinitely), and ¯̄̄̄
¯ limT→∞

T−1X
τ=0

µ
η

1 + η

¶τ

Etmt+τ

¯̄̄̄
¯ <∞ (3)

(the sum converges; cf. pt above). Let T →∞,

pt =
1

1 + η

∞X
τ=0

µ
η

1 + η

¶τ

mt+τ |t ≡ p̃t (4)

The (log) price level is given by discounted expected future (log) money-supply levels (weighted

average: 1
1+η

∞X
τ=0

³
η
1+η

´τ
= 1).
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• Bubble solutions?
Note that any stochastic process bt fulfilling

bt =
η

1 + η
Etbt+1

can be added to the solution p̃t above, in which case

pt = p̃t + bt

will also be a solution (that is, fulfill (1)). That is, any bt fulfilling

bt+1 =
1 + η

η
bt + vt+1

for any stochastic process vt fulfilling Etvt+1 = 0.

Note that

lim
T→∞

µ
η

1 + η

¶T

Etbt+T = lim
T→∞

µ
η

1 + η

¶T

Et

µ
1 + η

η

¶T

bt = bt,

so assumption (2) implies bt = 0, no bubble.

More on bubbles in Obstfeld-Rogoff.
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• Examine (4) for different (simple) money-supply processes
1. Constant money (simplest test of homogeneity).

mt ≡ m

mt+τ |t = m (τ ≥ 0)

pt =
1

1 + η

∞X
τ=0

µ
η

1 + η

¶τ

m

=
1

1 + η

1

1− η
1+η

m =
1

1 + η

1 + η

1
m

= m

Recall sum of geometric series

nX
τ=1

akτ−1 =
a(kn − 1)
k − 1 (k 6= 1)

∞X
τ=1

akτ−1 =
a

1− k
(|k| < 1)

Money “neutral” (level; distinguish from “superneutral”, growth).
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2. Deterministic constant money growth rate, μ.

mt = mt−1 + μ

mt+τ |t = mt + μτ (τ ≥ 0)

pt =
1

1 + η

∞X
τ=0

µ
η

1 + η

¶τ

(mt + μτ )

=
1

1 + η

∞X
τ=0

µ
η

1 + η

¶τ

mt +
μ

1 + η

∞X
τ=1

µ
η

1 + η

¶τ

τ

Recall sum of derivatives of geometric series

akτ−1τ =
d

dk
akτ

∞X
τ=1

akτ−1τ =
d

dk

∞X
τ=1

akτ =
d

dk

ak

1− k

=
a(1− k)− ak(−1)

(1− k)2
=

a

(1− k)2
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∞X
τ=1

µ
η

1 + η

¶τ

τ =
η

1 + η

∞X
τ=1

µ
η

1 + η

¶τ−1
τ

=
η

1 + η

1³
1− η

1+η

´2 = η

1 + η

(1 + η)2

1

= η(1 + η)

pt = mt + ημ

(What is
P

akτ−1τ 2,
P

akτ−1τn (n > 2)?)
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3. Future one-time money increase at T > 0;

surprise, announced at t = 0 (mt+τ |t = m̄, τ ≥ 0, t < 0)

mt =

½
m̄ t < T

m̄0 > m̄ t ≥ T

(consistent with rational expectations if one-time announcement of m̄
0
at uncertain date, with

Etm̄
0 = m̄ for t before the announcement).

Directly from above (mt+τ |t = m̄, τ ≥ 0, t < 0):

pt =

½
m̄ t < 0

m̄0 t ≥ T

Remains 0 ≤ t ≤ T :

pt =
1

1 + η

∞X
τ=0

µ
η

1 + η

¶τ

m̄ +
1

1 + η

∞X
τ=T−t

µ
η

1 + η

¶τ

(m̄0 − m̄)

= m̄ +
1

1 + η

µ
η

1 + η

¶T−t ∞X
τ=0

µ
η

1 + η

¶τ

(m̄0 − m̄)

= m̄ +

µ
η

1 + η

¶T−t
(m̄0 − m̄)

p0 > p−1 = m̄
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4. Stochastic money supply, AR(1)

mt+1 = ρmt + εt+1, 0 ≤ ρ ≤ 1, Etεt+1 = 0

mt+τ |t = ρτmt

pt =
1

1 + η

∞X
τ=0

µ
η

1 + η

¶τ

ρτmt =
1

1 + η

∞X
τ=0

µ
ηρ

1 + η

¶τ

mt

=
1

1 + η

1

1− ηρ
1+η

mt =
1

1 + (1− ρ)η
mt

mt random walk (ρ = 1)⇒ pt = mt

mt serially uncorrelated (ρ = 0)⇒ pt =
1
1+ηmt =

1
1+ηεt
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Seignorage (more later)

One measure of seignorage (increase in money supply during period t, deflated by price level in

period t)

St ≡ Mt −Mt−1
Pt

(5)

(the amount of goods the consolidated government can buy in period t for the increase in money

supply in period t).

Rewrite

St ≡ Mt −Mt−1
Pt

=

µ
Mt

Pt

−Mt−1
Pt−1

¶
+

µ
Mt−1
Pt−1

−Mt−1
Pt

¶
Seignorage ≡ Incr. in real balances + “Inflation tax”

Inflation tax ≡ Mt−1
Pt−1

− Mt−1
Pt

= − 1/Pt − 1/Pt−1
1/Pt−1

Mt−1
Pt−1

− 1/Pt − 1/Pt−1
1/Pt−1

= Rate of depreciation of value of money

Another (better) measure of seignorage (later):

Opportunity cost of holding real balances ≡ it

1 + it

Mt

Pt
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• Optimal seignorage
St ≡ Mt −Mt−1

Pt

=
Mt −Mt−1

Mt
↑

Mt

Pt

Cagan money-demand function

Mt

Pt

=

µ
Pt+1

Pt

¶−η
Constant gross money growth rate 1 + μ (μ different), constant inflation

Mt

Mt−1
= 1 + μ =

Pt

Pt−1
— Logs

mt = mt−1 + ln(1 + μ)

pt = mt + η ln(1 + μ)

Constant seignorage, St = S

S =
μ

1 + μ
(1 + μ)−η = μ (1 + μ)−1−η

FOC

0 =
dS

dμ

= (1 + μ)−1−η − μ (1 + η) (1 + μ)−2−η

= [1 + μ− μ(1 + η)](1 + μ)−2−η

μopt =
1

η
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• Cagan puzzle: Under hyperinflation, actual money growth much higher (wrong side of “Laffer
curve”).

Cagan estimates of η (α in Cagan): 3 months - 9 months. Hence 1/η: from 1
9/m to

1
3/m, that is,

11%—33%/month)

— [η], dimension of η? (cf. Pearson 90, sec. 19.2.1)

mt − pt = − η(pt+1|t − pt)

[mt − pt] = [η][pt+1|t − pt]

1 = [η]T−1

[η] = T

(where T here denotes the dimension of time)

— Cagan: Adaptive expectations?

— Obstfeld-Rogoff: Absence of commitment, time-consistency problem?

Promise μ = 1/η ⇒M/P = [(1 + η)/η]−η.
For givenM/P , S = (M/P )μ/(1 + μ). Temptation to one-time increase in μ.

New equilibrium under discretion, smallerM/P , higher μ.

Note: Other budgetary consequences of surprise inflation (value of outstanding nominal debt).

• Seignorage in industrialized countries small relative to government spending and GDP (less than
1% of GDP) (Obstfeld-Rogoff, box 8.1)

Seignorage more important in developing countries
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